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Abstract

We show the generic finiteness of the number of probability distributions on outcomes induced
by Nash equilibria for two-person game forms such that either (i) one of the players has no more
than two strategies or (ii) both of the players have three strategies, and (iii) for outcome game forms
with three players, each with at most two strategies. Finally, we exhibit an example of a game form
with three outcomes and three players for which the Nash equilibria of the associated game induce a
continuum of payoffs for an open non-empty set of utility profiles.
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1 Introduction

In normal form games with an arbitrary number of players the payoffs of which may be perturbed
independently Rosenmiiller (1971) and Wilson (1971) simultaneously proved (see also Harsanyi 1973)
that generically there is a finite number of equilibria. This result was extended to extensive form games
by Kreps and Wilson (1982). On the other hand, Govindan and McLennan (2001) and Kukushkin,
Litan, and Marhuenda (2008) show that the situation for outcome game forms is entirely different.
These authors construct some game forms for which there is a continuum of probability distributions on
outcomes induced by the Nash equilibria of the associated games for an open non-empty set of utility
profiles.

A natural question that arises is to try to determine which outcome game forms admit a finite number
of probability distributions on outcomes induced by Nash equilibria. For example, Mas-Colell (2010)
proved that for two player game forms the equilibrium payoffs are generically finite, and Govindan and
McLennan (2001) proved that for game forms with two outcomes and any number of players the number
of equilibrium distributions is generically finite. Similar results are obtained for game forms with two
players and three outcomes (Gonzélez-Pimienta 2010) and sender-receiver cheap-talk games (Park 1997).
Using semi-algebraic geometry techniques Govindan and McLennan (1998) showed in an unpublished
manuscript the generic finiteness of the number of equilibrium distributions on outcomes, when the
associated game is either a two player zero sum or a common interest game. This result is also proved
by Litan and Marhuenda (2012) using elementary linear algebra.
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In this paper we prove the generic finiteness of the number of probability distributions on outcomes
induced by Nash equilibria for two-person outcome game forms in which one of the players has no
more than two strategies or both of the players have three strategies. The results of Gonzélez-Pimienta
(2010) and Govindan and McLennan (2001) imply that for two-person outcome game forms with at most
three outcomes the number of equilibrium distributions is generically finite. We provide an example
of an outcome game form with three outcomes and three players for which the Nash equilibria of the
associated games induce a continuum of probability distributions on outcomes for an open non-empty set
of utility profiles. Finally, we show that for outcome game forms with three players, each with at most
two strategies, generic finiteness of the number of probability distributions on outcomes induced by Nash
equilibria is obtained.

2 Outcome game forms

A (finite, pure) L-person outcome game form (on ) is defined by Govindan and McLennan (2001) as a
tuple (S1,...,S%, ¢) such that, for all i € {1,...,L}, S*is a finite nonempty set, and ¢ : S — Q, where
Q) is a finite nonempty set (the set of outcomes) and S = S' x --- x SL. A profile u = (ul,...,ul) €
R x - .. x R? defines the associated finite L-person game g% = (S',..., 8L utog,... uF o¢), where “o”
denotes “composition”. Recall that a Nash equilibrium (NE) (21, ..., 2L) of ¢g¢ is a completely mized NE
(CMNE) if 2° € A, (S?) for all i = 1,..., L, where A, (S*) denotes the set of strictly positive probability

measures on S°.

We say that a subset of a Euclidean space is generic if it contains an open and dense subset of this
Euclidean space.

3 Distributions on outcomes and minimality for two-person out-
come game forms

Let (S, 52, ¢) be an outcome game form with two players, where S' = {1,2,...,m}, S? = {1,2,...,n}
and S = S! x S2. For each outcome w € € the mapping ¢ defines the m x n matrix ¢* with values in
{0, 1}, whose (r,s) entry is 1 if ¢(r, s) = w and 0 otherwise. For r € S, s € §? denote ¢,., = ¢(r,s) € .
To each u € R we assign the matrix

M(u) = u(w)e®.

weN

Let u = (u',u?) € R? x R®. A pair of strategies (z,y) € A(S) x A(S?) is a Nash equilibrium (NE) if
oM (ul)y > M;. (u')y and 2 M (u?)y > zM.j(u?) for all i € S* and j € S?, where throughout, for u € R,
M;.(u) and M.j(u) denote row i and column j of the matrix M (u), M (u) and M (u)y are regarded as
elements of R” and R™, and the scalar product of z and 2/, z,2' € R¥, is written z - 2/ or simply as
z2'. The strategies * € A(S?) and y € A(S?) of the players induce a probability distribution on Q that
assigns the probability z¢“y to the outcome w € (.

Let 6 = (0.)wen be the vector of || variables. Then, M[0] = 3", 0,¢% is a matrix the rs entry 6,
of which is 04, ). Note that the matrix M[f] determines the outcome game form ¢ in a trivial way by
setting ¢(r, s) = 0,5 Hence, we identify the matrix M[f] with the outcome game form (S*, S?, ¢).

Let
V={ueR": [{uw):weQ} =19|}.
Then V is a generic subset of R%.
Kukushkin, Litan, and Marhuenda (2008) provide an example of an outcome game form with two players
in which, for a non-empty open set of utility profiles, there is a continuum of outcome distributions

induced by the Nash equilibria. In that example the first player has three strategies and the second
player has four strategies. The next theorem shows the example is minimal in terms of strategies.



Theorem 3.1. If (S',52%,¢) is a 2-person outcome game form such that
min|S'|,|S%[} < 2 or |S'] = |5 =3,

then there is a generic set W C R such that for any u',u® € W the set of CMNEs of the game g¢
induce finitely many probability distributions on outcomes.

Proof. We may assume that the rows of ¢ (that is, ¢,. = (¢rs)ses2,7 € S!) are pairwise distinct. Indeed,
for any utility profile in R® x R the set of distributions on outcomes induced by (completely mixed)
Nash equilibria is not changed if multiple rows are eliminated. A similar assumption refers to the columns
of ¢ (that is, ¢.s = (¢rs)rest,s € S?). Hence, we may assume without loss of generality that

Hor :r €S =m, |{¢s:5€8*=n, and m<n. (1)

Let (u!,u?) € V x V. For (r,s) € St x 82 denote u,s = u?(¢,s). We distinguish three cases.
Case 1: m=1

As u? € V, any Nash equilibrium selects the unique arg max;,¢s, u%(¢15s), and, hence a CMNE can only
exist if n = 1.

Case 2: m =2

If there are s,s’ € S, s # s, such that ¢15 = ¢4, then let (x,7) be a Nash equilibrium. If u? € V, then
by (1) we may assume that u?(¢as) < u?(¢as) so that ys = 0. Thus, (x,y) is not completely mixed and
there is nothing to prove in this subcase. Similarly, we may proceed if ¢o5 = ¢os. Therefore, we shall
now assume that

n=|{¢ps:s€ S} forr=1,2. (2)

Ifn=2let W={uecV:h(u) # 0}, where h(0) = 011022 — 01202 is a polynomial in |Q| variables.
Notice that h # 0, by (1) and (2). Thus, the set W is generic and there exists at most one completely
mixed Nash equilibrium provided that u', u? € W.

We now assume that n > 3. Define the polynomial f in || variables by

f(0) = (011 — 012)(021 — a3) — (011 — 013)(021 — O22). (3)

Claim: If f(u?) # 0 then the game g¢ has no CMNE.

If x is a mixed strategy of 1 such that 2 is indifferent between the payoff columns u.1, u.o, and w.3, then

Ul — U u1p — U1z 1
. 11 12 U1 13 — (0,0,1). (4)
U] — U2z U2l — U3 1

We conclude that
urn —uiz Ui — w3 1
det | wgy —wugy wor —uz 1 [ =0.
0 0 1
Therefore f(u?) =0 so that our claim has been proved.

Now the proof in this case can be completed. By (1) there exists s € S? such that ¢15 # ¢2s. By (2)
there exists s’ € S?\ {s} such that ¢oy # @1, so that we may assume without loss of generality that

11 # P21 and P11 # Paa. (5)

By (2) and (5),
P11 ¢ {P12, P13, P21, P22} (6)



Let w = ¢11, w € Q. Let u € V such that f(u) = 0. For € > 0 let u® € R® differ from u only in as much
as uf(w) = u(w) + . If ¢og # w, then f(u®) = f(u) + c(u§y — uss) = e(uga — ugz) # 0. If ¢o3 = w, then

f(u®) = e(uaa + u1a — 2uyy) — g2

Hence, we conclude that f # 0, so that W = {u € V : f(u) # 0} is generic. By our claim, W has the
desired properties.

Case 3: m=n=3

It suffices to describe a suitable generic set of utilities for player 2. We distinguish 2 cases.

(1)

There exists ¢ € S; such that ¢;17 = ¢ = ¢;3. We may assume that i = 3. Let u € V. If
z' is a completely mixed strategy of 1 such that 2 is indifferent between the columns, then let

= 2L ¢ AL ({1,2}) and observe that (4) must hold. Also, we may assume that (2) holds,

T1+x2
because otherwise there exist two payoff columns that differ only in one coordinate so that a

completely mixed Nash equilibrium is ruled out. By (1) there exists £ € Sy such that ¢, # ¢par so
that (5) may be assumed and the proof may be finished by literally copying the corresponding part
of the case m = 2.

For any k € Sy, {¢re : £ € S2}| > 2.
Consider again the polynomial f defined in (3). If x is a mixed strategy that makes 2 indifferent

between all columns, then
U1l — U2 uip —uz 1
T ugg —use u —ugg 1 | =(0,0,1). (7)
U3] — U3z U3l — U3z 1

Claim: If the system of equations (7) has multiple solutions, then f(u?) =0 and |{¢p,: £ € So}| =
3, for every k € 57.

As (7) has multiple solutions, the columus of the matrix are not linearly independent. Thus, there
exists z € R3, z # 0, such that

uln —u1z U —uzz 1

Upy —ugz ugr —ugz 1 | -2=1(0,0,0).

Uzl —ugz usp —usz 1

By (7) we conclude that z3 = 0. Moreover, as u € V, our assumptions imply that z; # 0 and,
similarly zo # 0. Hence, we may assume (after replacing z by z/z; if necessary) that z; = 1. Hence,
with A = —2z5, we have

Uil — U2 = )\(Uu - u13)
U21 — U292 = )\(UQ] — U23) and
ugy —usz = A(ugp — uss).

Thus, f(u?) = 0. As by our assumption, one of these differences in each row is nonzero, all of them
are nonzero and we conclude that [{¢ge : € € So}| = 3 for all k € S7 and the claim follows.

Now the proof can be completed. If, for any u € V, (7) has one or no solution, then YW =V has
the desired properties. In the other case, let u € V such that (7) has multiple solutions. Hence,
{dre : £ € Sa}| = 3 for all k € S1. By (1) we conclude that {¢10: £ =1,2,3} # {¢op : £ =1,2,3}
so that we may assume that ¢17 # ¢op, £ = 1,2,3. Let € > 0 be small enough such that w € U,
where w is the utility function that differs from u« only inasmuch as u(¢11) = u(d11) + €. Then
f(@) = f(u)+e(uge —ua3) # 0 so that f is not the zero polynomial. Thus, W ={u e V: f(u) # 0}
is a generic set with the desired properties.



4 Outcome game forms with three players

The first example of an outcome game form in which there is a continuum of distributions on outcomes
induced by the Nash equilibria of the associated games for an open non-empty set of utility profiles was
provided by Govindan and McLennan (2001). Their example had three players and six outcomes. On the
other hand, for any outcome game form with two outcomes they prove generic finiteness of the number of
Nash equilibrium outcome distributions, and Gonzélez-Pimienta (2010) shows this generic finiteness for
two-person game forms with three outcomes. Finally, Kukushkin, Litan, and Marhuenda (2008) provide
an example of an outcome game form with two players and four outcomes in which there is a continuum
of outcome distributions induced by the Nash equilibria of the associated games for an open non-empty
set of utility profiles. Thus, it is natural to ask if four is the minimum number of outcomes needed to
construct outcome game forms which do not generically have finitely many distributions on € induced by
Nash equilibria. However, the next example shows that the results in Gonzélez-Pimienta (2010) cannot
be extended to three players. That is, a three-person game form with three outcomes a, b, and ¢ may
allow a continuum of outcome distributions induced by Nash equilibria for an open non-empty set of
utility profiles.

In Section 4.2 we show the generic finiteness for outcome game forms with three players, each with at
most two strategies.

4.1 An example with three players and three outcomes

Let Q ={a,b,c}, S1 ={N,E,S,W}, Sy ={L,R} and S5 = {U, D}. We use the notation of Section 3 of
Govindan and McLennan (2001) and consider the game form

U D
L R L R
N a a N c c
E b b E a a
S a c S a c
w b a w b a

so that player 1 selects the row, player 2 the column, and player 3 the matrix. Moreover, for ¢ € {1, 2,3},
a; = ui(a),b; = u;(b), and ¢; = u;(c). If a; > max{b;,c;} for all i € {1,2,3}, then we may define, for any
p with 0 < p <t:= ;-2 the strategy profile X(p) = ((p,q,7, ), (y,1 — %), (2,1 — 2)) by

2(13—1)3—03 )

ap —C

C T b U (8)
T = aTRP (9)
ro= (1 _ <2a3a;E3b; 03> p) 2a2ai;2bi - w0)
*T ZE:Z? (11)

2_p .
It is straightforward to show that X (p) is a Nash equilibrium that induces the payoff % for the
row player. Let ma(p) denote the payoff of the column player. We may easily compute

2
as — bg C2

0) = ———FF—7—
71-2( ) 2&2—b2—02

and
(as — b3)((a1 — c1)ag + (a1 — by)c2) + (a3 — ¢3)((a1 — ¢1)be + (a1 — b1)az)
(2@3 — b3 — 03)(2a1 — bl — Cl)

ﬂg(t) =



so that mo(0) # ma(t) for a nonempty open subset of utility profiles. Moreover, if m5(0) # ma(t), then
by continuity of mo : [0,{] — R, there is a continuum of payoffs of the column player induced by the
completely mixed Nash equilibria X (p),0 < p < t. A similar statement is valid for the matrix player.

On the other hand, we show in Section 4.2 that if each of the players has at most two strategies, generically
the number of probability distributions on outcomes induced by the Nash equilibria of the game is finite.

4.2 QOutcome game forms with three players and two strategies each

Let Q be the finite non-empty set of outcomes. We consider an outcome game form (S, S2,S3, ¢)
with three players and two strategies each, i.e., we assume that S* = S = §3 = {1,2}. Let (6,)weq
be the vector of Q| variables and (0%) e ref1,2,3)) be the vector of 3|Q| variables. We denote by
Oijr = Op(i,5,0) ijk = %(i,j,k)' Let R[(0,)uecq] denote the ring of real polynomials in the || variables
and let R[(6Y)oe0,0c(1,2,3;) denote the ring of real polynomials in 3|Q2| variables.

For any finite 7 C R[(6Y,)wc re(1,2,3}), let Ur be defined by
Ur ={u e R xR x R%: f(u) #0Vf e F\{0}}.
Note that Uz is an open and dense subset of (R¥)3.

Now we are able to prove the following main result of this section.

Theorem 4.1. For any three-person pure outcome game form (S*, 5%, 5%, ¢) with St = §? = 83 = {1,2}
there is a generic set U of utility profiles such that, for any u = (u',u? u®) € U, the set of CMNEs of
the game g¢ induce finitely many probability distributions on outcomes.

Proof. We may assume that the number of CMNEs is not generically finite. Also, by Theorem 3.1, we
may assume that none of the players ¢ = 1,2,3 is a dummy, where i is dummy if ¢ is invariant under
any permutation of S?. Hence, by renaming the players if necessary, we assume that, for each utility
profile u = (u',u?,4?) in an open and nonempty subset ) of R® x R x R, there are infinitely many
completely mixed strategies for player 1 that may be extended to CMNEs by suitably chosen strategies

of the remaining players.

It suffices to show that there exists a finite 7 C R[(0%).eq,re{1,2,33] such that, for any u € Ur N Y, the
set of probability measures on ) induced by CMNEs is finite.

Let u = (ul,u?,u?) € R xR xR and let ((z1,72), (y1,¥2), (21, 22)) be a CMNE. Define the polynomial
H € R[(0,)wea] by

2
H= E 0i5kT5Y; 2k
i k=1

The probability of each outcome is its coefficient in the polynomial H. Let x = z1,20 = 1 — 2, y =
Y1,Y2 =1 —y, 2 = 21,22 = 1 — 2. The polynomial H may be written as

H = Azyz 4+ Baxy + Cxz + Dyz — Ex — Fy — Gz + 0a99.
where A,...,G € R[(0,)wecq] are defined by

A = 0111 — 0121 — 0112 + 0122 — 0211 + O221 + 212 — Ba22,

B = 0112 — 0122 — 0212 + 0222,

C = 0121 — 0122 — 0201 + 0202,

D = 011 — 0212 — 0201 + ba22, (12)
E = 0393 — 012,

F = 033 — 012,

G = 022 — O201.



Note that A,...,G are polynomials in R[(6,),cq] with coefficients z(u),y(u), z(u) which depend on
ul,u?,ud. For i € {1,2,3}, each of the polynomials 4,...,G may be identified with a polynomial A4; in
R[(0?)).eq] by formally replacing the variable 6,, with the variable §¢ . Note that with this identification,
A; # Ajfori # j,since A; and A; are defined on a different sets of variables. Defining a; = A(u’),...,g; =
G(u') we have the equations

a1yz + by +ciz = eq; (13)
a2z +box +doz = fo (14)
asxy + csr +dsy = gs. (15)

By (13) and (15),
y(arz +b1) = e; — c1z and y(asz + d3) = g3 — c3x
so that
(e1 — c12)(azx + d3) = (a12 + b1)(g3 — c3x). (16)

By (14), z(az2x + da) = f2 — bex and, by (16),
z(xz(ager — ares) + a1gs + c1ds) = z(aser + bics) + dser — bigs.
We conclude that
(z(azcr — arcs) + args + c1ds)(f2 — baw) = (x(aser + bics) + dzer — bigs)(azx + d2)
so that, with

r = aibacs — azbacy — azaze; — agbics,
p = ascifa + asbigs — aics fo — arbags — bacids — azdaer — bicady — azdseq, (17)
q = aifag3+cidsfo + bidags — dadzeq,

we have
re? +pr+q=0. (18)

Let P,Q,R € R[(ef))weﬂyge{lﬁgyg}] be the polynomials that correspond to p, g, r, that is,

R = A1B>C3— A3B>Cy — Ay AsE — A3 B1Cs3,
P = A3C1F> 4 AyB1Gs — A\ C3F> — A1 BsG3 — BoC1 D3 — AsDoEy — B1CsDy — Ay D3 Ey,  (19)
Q = A1G3F2 + C1D3F5 + B1D>Gs — Dy D3 E5.

We now define the set F C R[(6Y)oc0,c(1,2,3}] as follows: F consists of all polynomials of the form

PvaRaaiaaiﬂj =+ aj5i7a15273 + a263’71 with aaBa’y S {A7 .. 7G} and 7’7] S {17273}72 7& .7

Note that F is finite and it contains all polynomials that are explicitly used in the present proof.

We now assume that u = (ul,u?,u®) € Ur N'Y so that there are infinitely many, hence at least three,

values of x that can be extended to a CMNE. By (18), p = ¢ = r = 0. Therefore P,Q, R € F implies
that P = @Q = R = 0. We distinguish the following cases:

Case 1: A = 0. The system of equations (13), (14) and (15) is linear. The determinant of the associated
matrix is byczds 4 bacids. There is more than one solution if and only if this determinant vanishes. As
B1C3Ds + B>Cy D3 € F, we conclude that B;C3Ds + Bo(C'y D3 = 0 so that, in particular, BCD+ BCD =
2BCD = 0. As the cases C' = 0 and D = 0 can be treated similarly, we only consider the case B = 0.
Then the system (13) — (15) becomes

C1Z = €13
doz = fa;
3T + d3y = g3.



If C =0, then Fy € F implies that F; = 0. As A = 0, player 1 would be a dummy which was excluded.
Similarly, if D = 0, Fy € F implies that F» = 0, i.e., player 2 would be a dummy which was also excluded.
Hence, C' # 0 # D. As z > 0, the first two equations together with Ci, Eq, Dy, Fo, E1Dy — C1Fy € F
imply that Fq, F5 # 0 and Fy Dy — C1Fy = 0. From this, it follows that

f2_a
dy ¢

and so F' = kD and F = kC. Thus, we have z = k so that z is uniquely determined. The polynomial
H becomes H = Cxz + Dyz — Ex — Fy — Gz 4 O35 = 0200 — Gz = 0330 — GE/C, and the distribution
induced on outcomes is unique.

Case 2: A#0. If B=0or C =0, then E =0 as well because R =0 and Ay, A3, F1 € F. By (13), the
case B = C = 0 cannot occur because 4; € F.

(1) We first consider the subcase B = F = 0. As z > 0, y # 0, and A; € R, (13) implies that
a1y + ¢1 = 0 so that C' # 0 and y is uniquely determined. As P = 0, (A3Cy — A1C3)F; = 0, and,
as Q@ =0, (A1Gs + C1D3)Fy, = 0. If F' =0, then, by (14), asz + d2 = 0 (because z # 0) so that x is
uniquely determined which was excluded. Hence, A3C7 = A1C5 and A1G3+ C1 D3 =0. As C # 0,
there exists £ € R\ {0} such that A = kC. Moreover, we have that D = —kG.

Now, from (13), we have that 0 = a1y + ¢1 = (ky + 1)c;. Since ¢; # 0, we obtain ky +1 = 0.
Using that A = kC, it follows that Ay = kyC = —C. Substituting in (15), we obtain G = yD.
The polynomial that determines the probabilities on outcomes becomes H = Azxyz + Cxz + Dyz —
Fy—Gz+ 030 = —Crz+ Crz+ Gz — Fy — Gz + 0295 = 6299 — Fy and the distribution induced
on outcomes is unique.

(2) The case C = E = 0 may be treated analogously to the former case.

(3) BC # 0. We first claim that either A = kB or A = kC, for some k € R. Since R = 0, we have that
BQ(A103 — A3Cl) = A2(A3E1 + Bng). If A103 — AgCl = 0 we conclude that A = kC for some
k € R, and the claim follows. Otherwise, we have that

a1C3 — ascy

A, =B
2 2a3€1 + bics

and it follows that A = kB for some k € R. By our claim the following cases might occur:

(3.1) There exists k # 0 such that A = kB. Substituting this expression into By(A41C5 — A3Cy) =
As(AsFEy 4+ B1C3) we obtain C; = —kF;. Hence, C = —kE. From (12) we may conclude that
ke {—1,—2}. Then,

P =k(kFy+ Dy)(B1Es — B3Ey),
Q = (kFQ + DQ)(BlG3 — D3E1),
and the following subcases may occur:

i. kFy 4+ Dy =0: Then kF + D = 0. Equations (13) and (14) become

bhiy(l+kz) = e(l+kz);
box(1+kz) = fo(l+ k2).

If byx = fo, then x is unique. Thus, from equation (14), we obtain that 1 4+ kz = 0. It
follows that Az = kBz = —B and

H=—-Bxy+ Bxy — kFExz — kFyz — Ex — Fy — Gz + 0a90 = 0390 — G2.

ii. k‘Fg + D2 7& 0: Then BlEg — B3E1 =0 and 31G3 — D3E1 = 0. From B 7é 0 we obtain
that £ = mB. We consider the following subcases:



A. D =0. Then, from B;G3—D3E; = 0 and B # 0, we obtain that G = 0. Equation (15)
becomes x(bsy — e3) = 0 and since 0 < z < 1 we get byy = e, that is, bgy = mbs, i.e.
y =m. Then, H = mkBxz + mBx — mkBxz — mBx — mF + 0299 = 0200 — mF.

B. D # 0. As B1G3 — D3F; = 0 there exists ¢ € R such that £ = (B and G = ¢D.
Hence, £ = m. Moreover, Equation (13) becomes y(1+kz) = m(1+kz). If 1+kz # 0,
then m = y. Therefore,

H = kmBxz +mBx — kmBxzz +mDz — mBx — Fm — mDz + 0399 = 0929 — F'm

so that the distribution is unique. If 1 + kz = 0, then k = —2 because k € {—1, -2}
and 0 < z < 1. Hence, z = 1/2 and (15) becomes 2xbz(m — y) = ds(m — y). Now,
C = 2F # 0 implies that w := 090 = 0191 # 0129 = 0391 =: w'. We conclude that
B =For B=2E, ie, m=1orm=1/2, and claim that B = E cannot occur.
Assume, on the contrary, that B = E. Then w” := 6112 = 0215. Asm =1, D =G
implies that 0311 = 6212 = w”. As A = —2B, we conclude that

A+B=0111—w—-uwW'4+w=—B=u+u" - —w

so that 6117 = w”. Therefore F = D and, hence (13) becomes d3/2 = ds. As D # 0
and D € F, the desired contradiction has been obtained.

If B =2F, then 6112 = w and 0312 = w’. Moreover, A = —2B implies 317 = w and
0111 = w’. Therefore we also have that D = 2F. Hence,

G G
H = —-Bxy+ Bxy +mBx+ Fy — mBx — Fy — §+9222 = 999 — >
and the distribution is unique.

(3.2) The case that A = kC may be treated similarly.
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