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Abstract

If the excesses of the coalitions in a transferable utility game are weighted, then we show that the
arising weighted modifications of the well-known (pre)nucleolus and (pre)kernel satisfy the equal
treatment property if and only if the weight system is symmetric in the sense that the weight of
a subcoalition of a grand coalition may only depend on the grand coalition and the size of the
subcoalition. Hence, the symmetrically weighted versions of the (pre)nucleolus and the (pre)kernel
are symmetric, i.e., invariant under symmetries of a game. They may, however, violate anonymity,
i.e., they may depend on the names of the players. E.g., a symmetrically weighted nucleolus may
assign the classical nucleolus to one game and the per capita nucleolus to another game.

We generalize Sobolev’s axiomatization of the prenucleolus and its modification for the nucleolus
as well as Peleg’s axiomatization of the prekernel to the symmetrically weighted versions. Only the
reduced games have to be replaced by suitably modified reduced games whose definitions may depend
on the weight system. Moreover, it is shown that a solution may only satisfy the mentioned sets of
modified axioms if the weight system is symmetric.

Keywords: TU game - Nucleolus - Kernel

JEL Classification: C71

1 Introduction

The (pre)nucleolus (Schmeidler 1969, Sobolev 1975) and the prekernel (Davis and Maschler 1965,
Maschler, Peleg, and Shapley 1972) are among the most well-known and important solution concepts
for (cooperative transferable utility) games. Their status is heavily supported by the fact that they can
be justified by simple and intuitive axioms. The definition of each of these solution concepts is based on
the excesses of the coalitions that may be regarded as their dissatisfactions. The excess of a coalition S
in a game (NV,v) at some payoff vector x is the difference between the worth of S, v(S), and the amount
Y icg i = z(S) that is distributed to S. Classically, the excesses of any two coalitions are treated as

equally important, regardless of coalition sizes and composition.
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Variants of the nucleolus and the kernel result from modifying these excesses. Wallmeier (1983), e.g.,
considers weighted excesses % where f is a nondecreasing function. The special case that f(s) = s
results in the so-called “per capita” nucleolus and kernel (Grotte 1970, Young, Okada, and Hashimoto
1982, Albers 1977). The resulting weighted versions of the solution concepts share many properties with

the classical solution concepts.

Derks and Haller (1999) consider arbitrarily weighted excesses, where the weight of the excess of a
subcoalition S of N may depend on N and S. They show that two weighted nucleoli coincide if and
only if the two weight systems coincide up to a positive multiplication factor. We adopt their setting and
first of all extend this result to weighted prenucleoli and weighted (pre)kernels. Moreover, we prove that
given a weight system the arising weighted modifications of the (pre)nucleolus and the (pre)kernel satisfy
anonymity (AN) or the equal treatment property (ETP) if and only if the weight system is anonymous
or symmetric, respectively. Here a weight system is anonymous if up to a multiple the weight of a
subcoalition S of a grand coalition N may only depend on the sizes of S and N. Further, a weight system
is symmetric if the weight of any subcoalition S of N may depend on the size of S and also on the grand

coalition. Hence, anonymity implies symmetry.

The foregoing results motivate the study of the symmetrically weighted (pre)nucleoli and prekernels
from an axiomatic point of view. According to Sobolev (1975) the classical prenucleolus is axiomatizedﬂ
by single-valuedness (SIVA), covariance under strategic equivalence (COV), symmetry (SYM), and the
reduced game property (RGP), provided that there are infinitely many potential players. Snijders (1995)
showed that the nucleolus is axiomatized similarly; only RGP has to be replaced by a suitable modification
that ensures that the reduction of an imputation is an imputation of the reduced game. For interesting
variants of Sobolev’s famous result see Orshan (1993) and Orshan and Sudhélter (2003). Moreover, Peleg
(1986) shows that the prekernel is axiomatized by non-emptiness, Pareto optimality, ETP, COV, RGP,
and the converse reduced game property (CRGP). We show that after adjusting the definition of the
reduced game for the given weight system, the corresponding weighted variants of the (pre)nucleolus and
prekernel are axiomatized by the same sets of axioms as in the classical context provided that the weight
system is symmetric; only RGP and CRGP refer to the adjusted variants of the reduced game now.
Moreover, we show that symmetry of the weight system is necessary (and sufficient) for the existence of

a solution that satisfies the mentioned sets of modified axioms.

It should be emphasized that, unlike in the classical case, symmetry of the weight system does not imply
that the arising weighted solution concepts satisfy AN. E.g., a symmetric weight system may result in the
classical prenucleolus for one part of the player society and in the per capita prenucleolus for the other

part.

This paper is organized as follows. In Section [2] the relevant notation is introduced, the definition of

and some known facts about the weighted (pre)nucleolus are recalled, and the weighted prekernel is

1 An axiomatization is a characterization by axioms that are logically independent of each other. The logical independence,
in particular of the anonymity axiom, was proved by Sudhélter (1993).



introduced. In Section |3|it is shown that two weighted solutions coincide if and only if their underlying
weight systems coincide up to a multiplication factor. Moreover, we show that a weighted solution
satisfies AN or ETP if and only the weight system is anonymous or symmetric, respectively. Finally,
we show that a symmetrically weighted prekernel is compact-valued, and we present an example of a
non-symmetrically weighted prekernel that is not compact-valued. In Section {4] the weighted variants of
the reduced games are introduced and it is shown that the weighted prenucleolus and prekernel satisfy
the reduced game property. Section [5| is devoted to the generalization of Sobolev’s axiomatization to
symmetrically weighted prenucleoli. We also show that if there exists a solution that satisfies this set
of modified axioms, then the weight system must be symmetric. Moreover, it is shown that Snijders’
axiomatization may be suitably modified for weighted nucleoli. Finally, in Section [6] the axiomatization
of symmetrically weighted prekernels is presented that resembles Peleg’s axiomatization of the classical
prekernel. Moreover, we show that symmetry of the weight system is necessary for the existence of a

solution that satisfies the axioms of this axiomatization.

2 Preliminaries

Let U be a set, the universe of players, containing, without loss of generality, 1, ...,k whenever |U| > k.
Here and in the sequel, if D is a set, then |D| denotes the cardinality of D. A coalition is a finite nonempty
subset of U. Let F denote the set of coalitions. A (cooperative transferable utility) game is a pair (N, v)
such that N € F and v : 2V — R, v(()) = 0. Let (IV,v) be a game. We call N its grand coalition and
denote the set of all proper nonempty subcoalitions of N by FV ie., FV = 2N\ {(), N}. Let

)}
)}, and

X*(N,v) ={reRY |2(N)<wv
N)=vw
>v({i}) for all i € N}

X(N,v) ={xecRN|ax
I(N,v) ={z e X(N,v) | x;

(N
denote the set of feasible payoffs, the set of Pareto optimal feasible payoffs (preimputations), and the set of
individually rational preimputations (imputations) of (N, v), respectively, where 2:(S) = >, g z; (z(0) =
0)for S € N andx € RY. For S C N and # € RV, xg denotes the restriction of z to S, i.e., 5 = (7;);cs,

and e(S,z,v) = v(S) — z(S) denotes the excess of S at x.

A solution o assigns a subset o(N,v) of X*(N,v) to any game (N, v). Its restriction to a set I of games

is again denoted by o. A solution on I' is the restriction to I' of a solution.

In order to recall the definition of the “weighted (pre)nucleolus”, we employ and recall Justman’s (1977)

notion of the “generalized nucleolus”.
Let D be a finite nonempty set, X be a set, let h : X — RP. Define 6 : X — RIPI by

Oi(x) = max minh;(z) forallz € X andallt=1,...,|D|,
TCD,|T|=t i€T

that is, for any « € X, 6(z) is the vector, whose components are the numbers h;(x), i € D, arranged in

nonincreasing order. Let >, denote the lexicographical order of RIPI. The nucleolus of h with respect



to (wr.t.) X, NUC(h,X), is defined by

NUC(h,X) ={x € X | 0(y) Z1ex O(x) for all y € X}.

Remark 2.1 Justman (1977) proved the following statements.

(1) If X is nonempty and compact and if all h;,7 € D, are continuous, then NUC(h, X) # 0.

(2) If X is convex and all h;,i € D, are convex, then NUC(h, X) is convex and h;(xz) = h;(y) for all
i€ D and all z,y € NUC(h, X).

Let us recall the definition of a “weighted (pre)nucleolus” (Derks and Haller 1999). A weight system is

a system p = (p~)nyer such that, for every N € F, pV = (pfgv) the weight system for N, satisfies

SeFN>
pg > 0 for all S € FV. Let p be a weight system and (N,v) be a game. The weighted prenucleolus and

the weighted nucleolus of (N,v) according to p, PNP(N,v) and NP(N,v), are defined by
PNP(N7 U) =Nuc ((p]SVe(S7 ) v))SE]-'NvX(Na ’U)) and Np(Na 'U) =NUuc ((pge(sa K U))SE]:Nal(N’ ’U)) :

As each of the excess functions e(S,-,v) : RNV — R is affine linear, it is convex so that, by Remark
NP(N,v) is a singleton whose unique element is denoted by v (N, v) provided that I(N,v) # 0. For any
x € X(N,v), we may replace X (N,v) by the compact, nonempty, and convex polyhedral set

{yGX(N,v)

max pge(S,y,v) < max p%(T,x,v)}

in the definition of PNP (N, v) so that this weighted prenucleolus is also a singleton whose unique element

is denoted by vP(N,v). Note that if the core of a game (N, v),
C(N,v) ={xz € X(N,v) | e(S,z,v) <0 for all S C N},

is nonempty, then vP(N,v) = v7(N,v) € C(N,v) for any weight system p.

A solution o is called a weighted (pre)nucleolus if there exists a weight system p such that ¢ =
(P)NP. If all weights are identical, then the arising weighted (pre)nucleolus is the classical (pre)nucleolus
(Schmeidler 1969, Sobolev 1975). In this case we frequently omit the superscript p, i.e., v(N,v) and, for
I(N,v) # 0, v;(N,v) denote the classical prenucleolus point and the classical nucleolus point of (N, v),

respectively.

Other weight systems were considered by Wallmeier (1983) who investigated weighted nucleoli where the
weights may only depend on and are weakly decreasing in coalition size. This property is satisfied by,
e.g., the classical nucleolus and by the per capita nucleolus, i.e., the weighted nucleolus according to the

inverse cardinalities of the coalitions as weights, i.e., pZSV = ﬁ for each N € F and S € FV (Grotte 1970).



Let p be a weight system, (N, v) be a game, and € RY. The p-weighted excess game of (N,v) at ,
denoted by (NV,vP), is defined by

p e(N,z,v), if $ =N,
vP(S) = N . . (2.1)
pge(S,z,v), if SeFV.

We conclude that e(S,0,vP) = p¥e(S,z,v) for all S C N. Moreover, 0 € X(N,vP) if and only if
x € X(N,v). Thus, we have deduced the following result.

Proposition 2.2 Let p be a weight system, (N,v) be a game, and x € X(N,v). Then

(1) x =vP(N,v) if and only if 0 = v(N,vP);

(2) x = vP(N,v) if and only if 0 = v;(N,vP).

Whether or not a (pre)imputation of a game coincides with the weighted (pre)nucleolus can be checked
with the help of suitable modifications of Kohlberg’s (1971) “Property I” or “Property II”, the charac-

terization of the (pre)nucleolus by balanced collections of coalitions — see also Potters and Tijs (1992).

Let I'; denote the set of all games (N,v) with I(N,v) # 0, ie., (N,v) € I'; if and only if v(N) >
> ien v({i}). Some more notation is useful. For any game (N,v), X € RN,z € X, and any bijective
mapping 7 : U — U, denote n(N) = {r(i) | i € N}, 72 = (2r;))ieny € "™ 71X = {7z | 2 € X}, and
let (m(N),mv) be the game defined by mv(7(S)) = v(S) for all S C N. A permutation 7 of N is called a
symmetry of (N,v), abbreviated by # € SYM(N,v), if (7(N),7v) = (N, v).

Let o be a solution on a set I' of games. We recall some intuitive and desirable possible properties. The

solution o satisfies

e non-emptiness (NE) if o(N,v) # () for all (N, v) € T}
e single-valuedness (SIVA) if |o(N,v)| =1 for all (N,v) € T;
e Pareto optimality (PO) if o(N,v) € X(N,v) for all (N,v) € T}

e anonymity (AN) if, for all (N,v) € T and all bijective mappings 7 : U — U we have o(w(N), mv) =
wo(N,v);

o symmetry (SYM) if mo(N,v) = (N, v) for all (N,v) € I and all symmetries 7 of (N, v);

e covariance under strategic equivalence (COV) if for any (N,v), (N, w) € T;a > 0, and 8 € RY the
following condition is valid: If w(S) = aw(S) 4+ B(S) for all S C N, then o(N,w) = ac(N,v) + 5;

e the equal treatment property (ETP) if for all (N,v) € T, all € o(N,v), and all k,£ € N the
following condition is satisfied: If k and ¢ are substitutes, i.e., v(S U {k}) = v(S U {¢}) for all
S C N\ {k, £}, then x, = xy.



Note that AN implies SYM. Furthermore, each weighted prenucleolus clearly satisfies NE, SIVA, PO,
and COV on any set of games. Moreover, a weighted nucleolus satisfies PO and COV on any set of
games, and it satisfies NE and SIVA if and only if I' is contained in I';. We now introduce the “weighted
(pre)kernel”.

Let p be a weight system, (N,v) be a game, € RY, and k,£ € N, k # {. The maximum p-weighted
surplus of k over £ at x (w.r.t. (IV,v)) is defined by

sP (x,v) = max{pye(S,z,v) | k€ S C N\ {{}}.
Definition 2.3 The weighted prekernel and weighted kernel according to p, PKP and KP, respectively,
of a game (N,v) are defined by

PKP(N,v) ={x€ X(N,v)|st(z,v)=sh (z,v) for all k,{ € N,k # £} and
KP(N,v) ={ze€I(N,v)|sh,(x,0) = sh (z,v) or zx, = v({k}) for all k,l € N,k # (}.

The kernel, i.e., the weighted kernel according to the weight system that assigns to all coalitions iden-
tical weights, was introduced by Davis and Maschler (1965), whereas the prekernel was first considered
by Maschler, Peleg, and Shapley (1972). If p is omitted as a superscript at (P)K, then the classical
(pre)kernel is meant.

Remark 2.4

(1) Similarly as in the classical case it is easily verified that the weighted prenucleolus of any game
belongs to its weighted prekernel. Moreover, if the game has imputations, then its weighted nucleolus

belongs to its weighted kernel.
(2) For any weight system p, any game (N,v), and any = € X(N,v):

x € PKP(N,v) <= 0¢€ PK(N,uvD).

x € KP(N,v) <= 0¢€ K(N,vB).

(3) Weighted (pre)kernels satisty COV.

3 Anonymity, symmetry, and the equal treatment property

We first extend a result for weighted nucleoli to the three other aforementioned weighted solutions (Derks

and Haller 1999, Theorem 1).

Theorem 3.1 Let N € F. Two weighted nucleoli, prenucleoli, kernels, or prekernels coincide for all

(N,v) € Ty if and only if the two weight systems coincide for N up to a positive multiplication factor.



Proof: The “if-part” is obvious. In order to show the “only if-part” let p and p’ be weight systems and
o and o’ be the respective arising weighted solutions. Let p = p’¥ and p’ = p’N be the corresponding
weight systems for N and let S € FV. Let T = {T € FN\{S} | T # {i} foralli € N\ S} and
t > maxg rerny izgﬁ. Note that ¢ > 1. Define (N,v) by v(S) = —--, v({i}) = —ﬁ forallie N\ S,
v(N) =0, and v(T) = —-= for all T € 7. Further, let # = 0 € R" and note that = € I(N,v). Then
pse(S,x,v) = pgye({i}, x,v) = —1foralli € N\S and pre(T,z,v) = —tforall T € T. Let y = vP(N,v).
Then y(S) > =(S), yi = x; for all i € N\ S, and y(N) = 0 so that y(S) = x(S) and y; = =z; for all
i€ N\S. Thus, y(T) > z(T) for all T € T so that y = z. By Remark2.4] (1), = € o(N,v) = ¢/(N,v) so
that x € PKP(N,v). By the definition of ¢,

/ / / P
sho(z,v) = psu(S) = —z—i and s7,.(z,v) = ppo({€}) = —% forallk € S, and £ € N\ S.

Since S has been chosen in F” arbitrarily, we have

/ p'
Ps — 740 forall Se FN and all £ € N\ S. (3.1)
Ps D
. . . p/{k} p/{e} .
Applying (3.1) to singletons S yields — = ——= = ¢ for all k,¢/ € N. Hence, (3.1) applied to an
Pk} D{ey
arbitrary proper nonempty coalition S of N yields ply = cps. q.e.d.

Theorem enables us to characterize those weight systems p that result in weighted solutions that
satisfy anonymity. We call a weight system p anonymous if, for all N, N’ € F with |[N| = |N’|, there
exists ¢ = ¢(N, N’) > 0 such that pY = ¢p¥ for all S € FN and S’ € FN' with |S| = |S’|. In this case
pY = p"(|S|) and pN'(s) = ¢(N, N")pN(s) for all s = 1,...,|N| — 1.

Theorem 3.2 Let p be a weight system, I' O I'y, and oP be one of the following solutions on I':
NP PNP KP or PKP. Then oP satisfies AN if and only if p is anonymous.

Proof: The “if-part” is straightforward and left to the reader. In order to show the “only-if-part” let
N,N’,S,S' be coalitions with |[N| = |[N’|,|S| = |5|,S € FN, and 8’ € FN'. Let 7 : U — U be a
bijection such that 7(S) = 5, and 7(N) = N’. Let (IV,v) € T'. Let the weight system p’ be defined by

M :p:%) for all M € F and R € FM.

For all T € FV, 2z € X(N,v) we have
P e(T,z,v) = il e(n(T), me, ) = {7 e(n(T), me, m). (3:2)

Therefore, e.g., s,f;(x,v) = si(k)w(@ (max,7v) for all 2 € RN and k,¢ € N, k # £. Now, let o be the
weighted solution according to p’ defined in an analogous way as P (e.g., oP is the p’-weighted nucleolus
if and only if oP is the p-weighted nucleolus). By , 7P (N,v) = oP(x(N),nv). On the other hand,
by AN, 70P(N,v) = oP(n(N),mv) as well. As I' D 'y, o® and o® coincide on the set of games with
player set N whose imputation sets are nonempty. By Theorem there exists ¢ > 0 with p”¥ = ¢ p'V.

N ’
Hence, pfgv = c~p'SN =c- p:ES)) =c- pfgv, . q.e.d.



It should be noted that the weights of an arbitrary weight system p can be normalized so that ) g rn pfqv
is a constant that may only depend on |N| (e.g., the constant 2!Vl — 2) for all N € F without changing
the mentioned weighted solutions. If p is normalized, then it is anonymous if and only if ¢(N, N') = 1 for
all N, N’ € F with |[N| = |[N'|, i.e., with |[N| = n and |S| = s, pY = p™(s) =p(s,n) fors=1,...,n—1

and n € N, 2 <n<|U|

We now characterize weight systems that result in weighted solutions satisfying the equal treatment
property. We call a weight system p symmetric if, for all N € F, pY may only depend on the size of the

subcoalition, i.e., p& = pN(s) for all S € FN where s = |9].

Theorem 3.3 Let p be a weight system, I' O I'y, and o be one of the following solutions on TI':
NP PNP KP or PKP. Then o satisfies ETP if and only if p is symmetric.

Proof: The “if-part” is an obvious consequence of the definitions of the considered weighted solutions. In
order to show the “only-if-part” let o be one of the considered solutions and let it satisfy ETP. Assume,
on the contrary, that p does not satisfy the desired property. Hence, there exists a coalition N and
some S,5" € FN with |S| = |9’| such that pY # pY. It remains to show that o violates ETP. As S’
arises from S by a sequence of replacements of one player by one other player, we may assume that
|S\S’| =1. Let T, k, ¢ be determined by S =T U {k} and S’ = T U {¢}. Let (N,v) be the game defined
by v(N) =v(T) =v(N\T) =0, v(TU{i}) = —1foralli € N\T, and v(R) = % for all other
R € FN. Then (N,v) € I';. Let y = vP(N,v). By Remark (1), y € o(N,v). As o satisfies ETP and
as all players inside T are substitutes and all players in N \ T are substitutes as well, there exist a, § € R
such that y; = aforalli € T and y; = S forall j € N\T. As y(N) =v(N) =0, |[T|a+ |[N\T|5 =0.
Let 2 =0 € RY. Then e(T,z,v) = e(N \ T,z,v) = 0 and e(R,x,v) <0 for all R € FN \ {T, N\ T}. By
the definition of the weighted prenucleolus, e(T,y,v) = e(N \ T,y,v) = 0. Hence, y(T) = y(N\T) =0,
implying |T|a = =0, i.e., y = z.

For any R € FN \ {S} with k € R # ¢, the definition of v gives

N N
N —Ps — Pg

pg@(R, Y, U) < Pr T < _p]SV = pge(S, Y, ’U)-
R
A similar statement is valid when switching the roles of k and ¢, so s¥,(y,v) = —p¥ # —p, = 5P (y,v).

Hence, y ¢ PKP(N,v), y ¢ KP(N,v) and the desired contradiction is obtained by Remark [2.4] (1). q.e.d.

Remark 3.4 A symmetric weight system generates weighted solutions that do not only satisfy ETP, but
also satisfy SYM.

Let p be an arbitrary weight system and (N,v) be a game. A system S = (Skg)(k,é)eNxN,k# is a
constellation if k € S¥ C N\ {¢} for any k,¢ € N, k # £. Hence, PKP(N,v) is the union taken over all
constellations S of the sets Xg given by

Xs=<(zeX(N,v)
forall k, e N, forall ke SC N\ {¢{} andall L€ T C N\ {k}



Hence, the weighted prekernel of (IV,v) is, similarly to the classical case, a finite union of polyhedral sets.

Proposition 3.5 If p is a symmetric weight system, then for any game (N,v), PKP(N,v) is compact.

Proof: Assume, on the contrary, that PKXP(N,v) is not compact. Let S = (Ské)(k,l)eNka# be a

constellation such that Xg is unbounded. Let (z"),.eny be an unbounded sequence of elements of Xs.

Then, after replacing our sequence by a suitable subsequence, if necessary, there exist S,7 € FV with

SNT = such that 27 —s —o0, 2] — ooforallie S, jeT,and {z] |r€N,ie N\ (SUT)}is
r—00 r—00

bounded. Let, for all r € N, " = maxzerv pNe(R,z",v).
Let r € N and k € S. Let i,j be such that s}, = p". If k € SY, then s}, = p’. If k ¢ S then
p" = sh = sP. where the second equality follows from the fact that z” € PKXP(N,v). Hence, there exists

a player m with sf = p”. After again replacing our sequence (z"),en by an appropriate subsequence if

necessary, we can assume that m does not depend on r.

As e({i},a",v) — oo for any i € S, we have lim, o " = co. Since pJ,.e(S*™, 2", v) — oo, there
r—00 r—00

exists a player £ € T\ S*¥™. Then u" > pgwe(Su,xr,v) > pJSV,Cme(SM,xT,v) > u” for all r € N as well,

and hence, u" = pgvkee(SM,:z:T,v). Denote R = S* U {k} \ {¢}. Since p is symmetric, pNe(R,z",v) >

pgme(sek,ﬂ,v) = pgwe(Skf,xr,v) = u" for r taken sufficiently large, so the desired contradiction has

been obtained. q.e.d.
We now present an example of a weight system that results in a weighted prekernel that is not bounded
provided that |U| > 5.
Example 3.6 Let N = {1,...,5} and p" be defined by

pY =7if |SN{1,2,3}| =2 and |SN{4,5}| = 1, and p¥ = 1 otherwise.

It is easy to check that (—2t, —2¢, —2t,3t, 3t) € PXP(N,0) for all ¢ > 0.

4 Reduced games according to weight systems

We first recall the well-accepted definition of the reduced game (Davis and Maschler 1965). Let (N, v)
be a game, S C N be a coalition, and € RY. The reduced game of (N,v) w.r.t. S and x, denoted by
(S,vs,), is the game defined by vg ,(S) = v(N) — z(N \ §) and

vs,.(T) = leﬁ)\is(v(T UQ) —z(Q)) for all T € F7. (4.1)

A solution o on a set ' of games satisfies the reduced game property (RGP) if, for any (N,v) € T', any

S e FN and any z € o(N,v), (S,vs.) €T and x5 € (S, vs)-

Remark 4.1 The prekernel (Peleg 1986) and the prenucleolus (Sobolev 1975) satisfy RGP on the set of

all games.



We now modify the reduced game such that the corresponding reduced game property is satisfied by the

weighted versions of the foregoing solutions.

Definition 4.2 Let p be a weight system. The p-reduced game of a game (N, v) w.r.t. a coalition S C N
and x € R is the game (S, 0% ) defined by v§ (S) = vs..(S) and

N S
P (T) = . Prue —P1 s
vg . (T) = Qr&fy\(s (v(T uQ) —z(Q) + = e(T'U Qw,v)) for allT € F~. (4.2)

Note that (4.1]) guarantees that the excess of a proper nonempty subcoalition 7" of S is the maximal excess
of coalitions that arise from T by adding players of N\ S. Now, the modification (4.2)) of (4.1)) takes care
of the weighted excesses instead, i.e., it guarantees a similar property when the excess is replaced by the

weighted excess. Indeed, for @ C N\ S,

N .S
S <U<:r UQ) - 2(Q) + ”T“ZispTe(T UQ,z,v) — x(T)) — poe(TUQ,,v)
T

so that we have deduced the following proposition.

Proposition 4.3 For any weight system p, any game (N,v), S € FN, and x € RY,

pre(T, xg, Vg ,) = QI&%}\(Spque(T UQ,z,v) for all T € F. (4.3)

This proposition is used to show that the p-weighted prekernel satisfies the following weighted version
of RGP, the reduced game property w.r.t. p-reduced games (p-RGP), defined by replacing vg , by vg’x

wherever it occurs in the definition of RGP.
Corollary 4.4 For any weight system p the p-weighted prekernel satisfies p-RGP.

Proof: Let (N,v) be a game, S € FV, z € PKP(N,v), and k,/ € S with k # {. By Proposition
ng(fsvvg,x) = spy(@,0) = sp(2,0) = Sépk($57vg,m)
so that the proof is complete. g.e.d.

The following lemma. is useful to show that PNP satisfies p-RGP.

Lemma 4.5 Let p be a weight system, (N,v) be a game, S € FN, and x € RYN. Then the p-weighted
excess game w.r.t. xg of the p-reduced game of (N,v) w.r.t. S and x coincides with the classical reduced

game w.r.t. S and 0 € RN of the p-weighted excess game w.r.t. x of (N,v), i.e.,
p
(Ug,w) = (U§>s,o~
zs

Proof: By the definitions of the p-weighted excess game, the classical and the p-reduced games ((2.1)),
(4.1), and (4.2)), respectively), we find

(48.)" (8) =08, (8) = 2(S) = (v(N) = 2(N \ 8)) = 2(8) = e(N, z,0) = eB(N) = (1) (S).
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Additionally applying Proposition yields for all T € FS

» \? _ S P _ N _ P — (P
(/US’I)ZDS (T) = pre(T, Ts,vg,) = Qrélj%/}\(s proge(TUQ,z,v) = QIEI%/}\(S P(TUQ) = (UI)S’0 (T). qg.e.d.

Theorem 4.6 For any weight system p the p-weighted prenucleolus satisfies p-RGP.

Proof: Let (N,v) be a game and denote x = vP(N,v). By Proposition 2.2] (1), we have 0 = v(N,vP).
Let S € FV. By Remark 0 = v(S, (vP)s,0), which rewrites by Lemma H to 0 = (S, (Vg ,)P,).

zs

Applying once more Proposition (1), we find that g = VP (S, vg’z). q.e.d.

The following remark and lemma are used in subsequent sections.
Remark 4.7 Let p be a weight system and o be a solution.

(1) If o satisfies SIVA, COV, and p-RGP, then it satisfies PO. Indeed, the proof in the classical case
(Peleg and Sudhélter 2007, Lemma 6.2.11) may be literally copied because it suffices to apply RGP

just to one-person reduced games.

(2) If o satisfies NE, PO, COV, and ETP, then o is a standard solution (Peleg 1986), i.e., for any
kteUk+#L,

—o({f}) +v(V)
2

o(N,v) = {y}, where yx, = vk} and N = {k, ¢}, for all games (N,v).

Hence, for any two-person game (N,v), o(N,v) is a singleton {y}. Moreover, y, = y¢, where

N = {k, £}, if and only if k and ¢ are substitutes.

Lemma 4.8 Let |U| > 3. If there exists a solution that satisfies NE, PO, COV, ETP, and p-RGP, then
pf{\;c} zpf{\é} and p%\{k} :p%\{e} for all N € F with |[N| > 2 and all k,£ € N.

Proof: Let o be a solution on I' that satisfies the requested properties. Let k,¢ € N € F with k # £.

N
Choose t > max { Z—ﬁ, R,Q € ]-'N} so that t > 1. We first show that
Q

{kve}
Py _ Py PN\

N = {kt} N :
Piey pie}} PN\{k}

(4.4)

To this end define the game (N,v) by v(N) = 0,v({i}) = —1 for all i € N, and v(T") = —t for all other
T € FN. Let y = 0 € RN. By NE, PO, and ETP, o(N,v) = {y}. Let S = {k,£}. By p-RGP, ys =0 €
o(S,v%,). By Remark (2), vg,({k}) = v5,({f}) = a. By Proposition spe(y,v) = s%,(ys, v% )
and s, (y,v) = sp(ys,v§,). By the choice of t, s7,(y,v) = fpf;} and sb (y,v) = fpf;}. Moreover,
she(ys,ve ) = apfk} and s (ys,v8,) = apfe} so that the first equation in is shown. The second
equation in is deduced similarly. Only the game (NNV,v) has to be replaced by the game (N,v’)
defined by v'(N) =0, /(N \ {i}) = —1 for all i € N, and v(T) = —t for all other T' € F¥.
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Hence, it suffices to prove that p%} = p%} for any M C U with k,¢ € M and |M| = 3. We may assume
without loss of generality that M = {1,2,3}, k = 1, and £ = 2. Choose 3 > 2-max { % R,Qe ]—'M} and
define the game (M, w) by w(M) = 0,w({1,2}) = w({3}) = —1, and w(T) = -3 for all other T € FM,
By NE there exists z € o(M,w). By PO and ETP there exists a € R such that z = (a,a, —2a). If
a > 0, then sf’:}(z,w) < 0, and if a < 0, then sgyl(z,w) < 0. By p-RGP and Proposition Remark
(2) guarantees that e({1,2},z,w) < 0 and e({3},z,w) <0, i.e., =1 < 2o < 1. Hence by Remark [4.7] (2),
e({1}, 2{1’3},’(1}1{3173}) =e({3}, z{1,3}, wfl,?’}) = —¢ for some § > 0. By Propositionand the choice of 3,

1,3 1,3
st 3(z,w) = pf1 9y (1 — 2a) = —pil} Y5 and s51(z,w) = piy (=14 2a) = —p&.’} bs,
{1,3} M {2,3} M
: Py Plioy(1-20) . . . . P . Py pliey(1-2a)
ie., p%}‘“} = F ) Similarly, by considering Wy, 5y, We receive Pﬁ’f} = o, G By (4.4),
{1,3} {2,3}
PRy Py Py Py
Mo {13y {23 pM
Pisy  prsy” Pyt Py
so that the proof is complete. q.e.d.

5 Axiomatization of the symmetrically weighted (pre)nucleolus

This section is devoted to the generalization of Sobolev’s (1975) famous axiomatization of the prenucleolus
that makes the following assertion: If |U| = oo, then the prenucleolus is the unique solution that satisfies
SIVA, AN, COV, and RGP. A careful inspection of the proof shows that, instead of AN, in fact the weaker
SYM is used. Moreover, SYM and SIVA imply ETP, and, in fact, Orshan (1993) shows that AN may
even be replaced by ETP. In view of Theorem and Remark we shall modify the aforementioned
result by employing SIVA, COV, SYM and p-RGP for a symmetric weight system p.

Moreover, the logical independence of each of the employed axioms of the remaining axioms will be

discussed, and Snijders’ (1995) result on the nucleolus will be generalized.

5.1 Symmetrically weighted prenucleoli

First, we show a relation between SIVA, SYM, COV, and p-RGP and the symmetry of the weight system.

Theorem 5.1 Let |U| > 3 and p be a weight system. Then there exists a solution that satisfies SIVA,
SYM, COV, and p-RGP if and only if p is symmetric.

Proof: If p is symmetric, then PANP satisfies SIVA and COV as is known (see Section [2), SYM by
Remark and p-RGP by Theorem In order to show the “only if”-part, let o be a solution on I
that satisfies the requested properties. Let N € F, n = |N| > 2, 5,5 € FN such that s = |S| = |S’| and
S # S'. Tt remains to show that p} = pY,. By Remark o satisfies PO. Moreover, SIVA and SYM
together imply NE and ETP. Hence, by Lemma we may assume that |[N| >4 and 2<s<n—2.

12



As S’ arises from S by a sequence of replacements of one player by one other player, we may assume
N
that [S\ S| = 1. Let t > max{;%
Q
assume that N = {1,...,n}, S = {1,...,s}, and S’ = {1,...,s — 1,n — 1}. Let m be the “cyclic”

R,QeFM } Hence, t > 1. Without loss of generality we may

permutation of N defined by 7(i) =¢—1 for all i € N\ {1} and 7(1) = n, and let 7’ be the permutation
of N defined by 7'(j) = w(j) forall j € N\ {n—1,n},7'(n —1) =n —1, and 7'(n) = n — 2. Now, let
the game (N, v) be defined by v(N) = 0, v(7/(S)) = —1 for all j € N, and v(T) = —t for all other
T € FN (here 7/ denotes the j-fold composition of 7). Moreover, let the game (N,v’) be defined by
V'(N) =0 ({n—1}) = (N\{n—1}) =0, v(#x"7(5")) = —1 for all j € N\ {n} and v(T) = —t for all
other T € FN.

By SIVA, o(N,v) = {z} and (N, ') = {2’} for some 2,2’ € RY. By Remark (1), 2(N) =2(N) = 0.

By construction 7 € SYM(N,v) and 7’ € SYM(N,v’) so that, by SYM, z, = z,-1 = -+ = 2z and
2l =2zl _5=---=2z]. Hence, z = 0 € RY and there exists a € R such that 2’ = (..., a, —(n — 1), ).
——
n—2

and s}, (26, w) have the same signum. As v'({n —1}) = o'(N \ {n —1}) = 0, sh_, (2/,v") >

(nfl)pf;_l}a and s}, (2/,0) > —(n=1)PR\ (o1 By Proposition sh_1n(2g,w) =sh_) (20
(2',v") so that @ = 0, i.e., 2/ =0 € RV,

~—

P ! __ P
and sn,nfl(zQ7w> - sn,nfl

Let T = 7*(S) and T" = 7/*71(9’). Then T is the unique coalition in {n7(S) | j € N} that contains n
and does not contain 1. Similarly 7" is the unique coalition in {7"7(S’) | j € N \ {n}} with 1 ¢ T’ > n.
Moreover, T = T". By the choice of t,
Szlj,n(ovv) = _pgv sin(o,l}/) = —Pg/»sﬂ(oa v) = _pij\“]» and sﬁ,l(ovvl) = —p¥~
Let R = {1,n}. By p-RGP, zp = 0 € o(P,v},) and 0 € o(P,vf,) so that, by Remark vho({1}) =
vho({n}) =: B and vg’,o({l}) = Uﬁo({n}) = ~. Hence, by Proposition
—p§ = p{ B —ps = piyy, and — pi = pin B = piayy
so that 8 = v and pY = pY, and the proof of this case is complete. q.e.d.

Now, the main result of this section can be proved.

Theorem 5.2 Let |U| = oo and p be a symmetric weight system. Then the weighted prenucleolus PN'P
is the unique solution that satisfies SIVA, SYM, COV, and p-RGP.

Proof: By Theorem|[5.1]only the uniqueness part has to be verified. To this end, let o be a solution that
satisfies the desired axioms. By Remark (1), o satisfies PO.

Let (N,v) be a game. In order to show o(N,v) = PNP(N,v), by COV we may assume that v?(N,v) = 0.
By Proposition 0 = v(N, o) (for the definition of the p-weighted excess game (N, v¥) at 0 see )
In the main step of his proof, Sobolev (see, e.g., Peleg and Sudholter (2007, pp. 112-114) for an English
version or Kleppe (2010) for an adaptation to the per capita weight system of his proof) constructs a

game (M, w') with the following properties:
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e NC M and w'(M) =0.
° Wy =1f.

e (M,w') is transitive, i.e., for any k,¢ € M with k # ¢ there exists a permutation m of M such that

(k) =4 and Tw’ = w'.

Now, by SYM and PO of the classical prenucleolus, v(M,w’) = 0 € R™. Let (M, w) be the game defined

by w(M) = w'(M) =0 and

w(s) = L) o an e M
M
Ps

As p is symmetric, the game (M, w) inherits transitivity from (M, w’). Hence, by SIVA and SYM, and
PO, o(M,w) consists of a unique element y that satisfies y, = y, for all k,£ € M. By PO, y = 0. By
Lemma [L.5] we have

vf = wyo = (Wf)no = (Wi o),

which implies v = w]’:,70. Finally, by p-RGP and SIVA, o(N,v) = 0 € RV, q.e.d.

Remark 5.3 It should be noted that a weighted prenucleolus according to a symmetric weight system
satisfies SYM, but it may not satisfy AN. E.g., one may partition F into two nonempty subsets F = F1UF3
and define the weight system p by the requirement pY =1 for all N € F, S € FV, and pg,/ = ﬁ for all
N’ € Fp, 8" € FN'. This weight system is symmetric but violates AN and its weighted prenucleolus is the
classical prenucleolus when applied to a game (N,v) with N € Fj, and it is the per capita prenucleolus

when applied to a game (N’,v") with N’ € Fo.

5.2 Symmetrically weighted nucleoli

We now consider the class I';. As in the classical case, the weighted nucleolus according to any weight
system p does not satisfy p-RGP. Indeed, consider the 3-person game (NN, v) defined by v({i}) = 0 for all
i € N and v(S) =1 for all other coalitions and let 2 = v7(N,v). Then there exists T C N with |T'| = 2
and e(T,z,v) > 0. Let k € T and £ € N\ T and define S = {k,¢}. Then vgm({k}) > 1, so that zg is
not individually rational for this reduced game. Hence, we modify the imputation saving reduced game

property introduced by Snijders (1995).

Definition 5.4 Let (N,v) be a game, S € FV, and x € RN. The imputation saving p-reduced game
(S,0§ ) is defined by the following requirement: If |S| = 1, then U5 , = v% ,, and if |S| > 1, then

B (1), ifTCS,|T|>1,

(5.1)
min{z;,vg ,({i})}, T ={i},i€S.

Now the imputation saving reduced game property w.r.t. imputation saving p-reduced games (p-ISRGP)

arises from p-RGP by replacing ’ng by ﬁx wherever it occurs. Modifying 1' suitably yields, for any
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weight system p, any game (N, v) with |[N| > 1, for all S € FV and all x € RV, that

S ~P N S
T, z, - m TUQ,z,v) forall T € FS,|T| > 2, and 5.2
P i®,) = max ploe(TUQuaw) fora 7152 md (52
pfi}e({z'}w’z)sp@) = min {07 Qréljz?{spﬁ}uc)e({i} uQ,r, v)} forall: € S. (5.3)

In the proofs of Lemma [.8] and of Theorem only games in I'; are used and the proofs remain valid
if the employed p-reduced games are replaced by their imputation saving versions. Hence, these results

remain valid if we consider a solution on I'; and replace p-RGP by p-ISRGP.

Theorem 5.5 Let |[U| > 3 and p be a weight system. Then there exists a solution that satisfies SIVA,
SYM, COV, and p-ISRGP if and only if p is symmetric.

A careful inspection of Snijders’ (1995) proof in the classical case (cf. Peleg and Sudhélter (2007, Sub-
section 6.3.1) and an application of Proposition (2), Lemma and (5.2)) and (5.3)) yields a proof of

the following theorem.

Theorem 5.6 Let |U| = co and p be a symmetric weight system. Then the weighted nucleolus N'P is the
unique solution on 'y that satisfies SIVA, SYM, COV, and p-ISRGP.

5.3 Logical independence of the axioms

Examples of solutions are presented that exclusively violate one of the axioms in Theorem 5.2 or Theorem
respectively.

It is well-known that the Shapley value (Shapley 1953) satisfies SIVA, COV, and SYM on any class of
games. It violates, however, p-RGP and p-ISRGP on I'7, provided |U| > 3. Indeed, there are 3-person
games whose core is nonempty and whose Shapley value does not belong to the core, while weighted

(pre)nucleoli always belong to a nonempty core.

If |U| > 4, according to Section |§| (see Example[6.2)), PP or KP is a nonempty solution that satisfies all
axioms of Theorem [5.2] or Theorem respectively, with the exception of SIVA.

The “equal split solution” exclusively violates COV in Theorem provided |U]| > 2.

The following modification of the equal split solution exclusively violates COV in Theorem The
modified solution assigns max{\,v({i})} to each player ¢ € N of game (N,v) € I'; where X is determined
by Pareto optimality. As its definition is similar to the definition of the “constrained equal award solution”
for bankruptcy problems (Aumann and Maschler 1985), we could call it the “constrained equal split

solution”.

In order to show that SYM is logically independent of the remaining axioms in Sobolev’s axiomatization,
first an auxiliary solution, the “positive core”, is defined (Orshan and Sudhélter 2010). A preimputation

x of a game (IV,v) belongs to its positive core if it lexicographically minimizes the positive parts of the
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excesses, i.e., if the excess of a coalition at x coincides with the excess of the coalition at the prenucleolus
if the former excess is positive. Hence, the positive core is a convex polytope, and it is easily seen that the
positive core satisfies COV, SYM, and RGP. Fixing some total order on U and selecting the lexicographic
smallest element of the positive core results in a solution that exclusively violates SYM (cf. Peleg and
Sudhélter (2007, Subsection 6.3.2)). One may similarly define the “weighted positive core according to
p” of a game (N, v) by the requirement that a preimputation 2 belongs to this solution if the weighted
excesses at x coincide with the weighted excesses at vP(N,v) if positive. In order to show that SYM
is logically independent of the remaining axioms in Theorem one may further modify the weighted
positive core by requiring that an imputation x belongs to the modified auxiliary solution if the excess

of a coalition at x coincides with the excess of this coalition at the nucleolus point, if it is positive.

It should be mentioned that the infinity assumption on the cardinality of U cannot be deleted in either
Theorem or Theorem Indeed, if 4 < |U] < oo, then together with a suitable modification of the
game given in Exercise 6.3.2, suitable modifications of the solution defined in Remark 6.3.3 of Peleg and

Sudholter (2007) satisfy all properties of Theorem or Theorem respectively.

Finally, it is remarked that whether Orshan’s (1993) result that ETP replaces SYM in Sobolev’s axiom-

atization is still valid for, e.g., Theorem is an open question.

6 Axiomatization of the symmetrically weighted prekernel

We show that Peleg’s (1986) axiomatization of the prekernel may be generalized to the weighted prekernel

according to any symmetric weight system.

We first define the weighted version of Peleg’s “converse reduced game property”. Let p be a weight
system. A solution o satisfies the converse reduced game property w.r.t. p-reduced games (p-CRGP) if
the following property holds for all games (N,v) with [N| > 2 and all z € X(N,v): If z5 € o(S,v§ ) for
all S C N with |S| =2, then z € o(N,v).

Theorem 6.1 Let p be a weight system and |U| > 3. Then the following statements are valid.

(1) There exists a solution that satisfies NE, PO, COV, ETP, p-RGP, and p-CRGP if and only if p is

symmetric.

(2) If p is symmetric, then the weighted prekernel PKCP is the unique solution that satisfies NE, PO,
COV, ETP, p-RGP, and p-CRGP.

Proof: If p is symmetric, then, by Remark the definition of PKP, and Corollary PKP satisfies

the first five desired properties. By Proposition shp(x,v) = sgf(x{k’g},vfk o ,,) for any game (N, v)
and all k,¢ € N with k # £. Hence, PKP satisfies p-CRGP.
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In order to show the remaining only-if part of (1) and the uniqueness part of (2), let o be a solution that
satisfies the desired properties. We may copy Peleg’s proof for the classical prekernel, just the reduced
game has to be replaced by the p-reduced game wherever it occurs: Let (N, v) be a game. The properties
p-RGP and p-CRGP cannot be distinguished from RGP and CRGP if |U| < 2 so that o(N, v) = PK(N,v)
if IN| < 2. By Remark [£.7] (2), PK(N,v) = PKP(N,v) for [N| < 2. If [N| > 3 and 2 € o(N,v), then
by p-RGP of o, zg € o(S,0%,) = PKP(S,0% ) for all S C N with |S| = 2. By p—CRGP of PK?,
x € PKP(N,v). The opposite inclusion may be proved by interchanging the roles of o and PKXP. Now,
by Theorem [3.3] p is symmetric. q.e.d.

Suitable modifications of the examples that show that each of the six axioms in Peleg’s (1986) axiomati-
zation of the prekernel is logically independent of the remaining axioms, provided that |U| > 4, may be

used to show that the axioms employed in Theorem (2) are logically independent as well.

As in the classical case, it is straightforward to apply the characterization of the p-weighted prenucleolus
of a game by balanced collections of coalitions (Kohlberg 1971) in order to show that PKP(N,v) is a
singleton for all 3-person games (N,v). Hence, if |U| = 3, p-CRGP is implied by the remaining five
properties of Theorem (2).

For completeness we present an example of a 4-person game of which none of the weighted (pre)kernels

is a singleton.

Example 6.2 Let N = {1,2,3,4} and (IV,v) be a game such that v({1,2}) = v({2,3}) = v({3,4}) =
v({1,4}) =1, v(N) =0, v({i}) = =1 for all i € N and v(S) < —2 for all other coalitions S of N. Then
(t,—t,t,—t) € KP(N,v) N PKP(N,v) for all —1 <t < 1 and all weight systems p that are symmetric.
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