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Abstract: Entangled photons are pivotal elements in
emerging quantum information technologies. While sev-
eral schemes are available for the production of entangled
photons, they typically require the assistance of cumber-
someoptical elements to couple them to other components
involved in logic operations. Here, we introduce a scheme
by which entangled photon pairs are directly generated
as guided mode states in optical waveguides. The scheme
relies on the intrinsic nonlinearity of the waveguide mate-
rial, circumventing the use of bulky optical components
and their associated phase-matching constraints. Specifi-
cally, we consider an optical waveguide under normal illu-
mination, so that photon down-conversion can take place
to excite waveguide states with opposite momentum in a
spectral region populated by only two accessible modes.
By additionally configuring the external illumination to
interferedifferent incidentdirections,wecanproducemax-
imally entangled photon-pair states, directly generated
as waveguide modes with conversion efficiencies that are
competitive with respect to existingmacroscopic schemes.
These results should find application in the design ofmore
efficient and compact quantum optics devices.

Keywords: entangled guided modes; nonlinear optics;
optical down-conversion; quantum optics.

*Corresponding author: F. Javier García de Abajo, ICFO-Institut de
Ciencies Fotoniques, The Barcelona Institute of Science and Tech-
nology, 08860 Castelldefels, Barcelona, Spain; and ICREA-Institució
Catalana de Recerca i Estudis Avançats, Passeig Lluís Companys 23,
08010 Barcelona, Spain,
E-mail: javier.garciadeabajo@nanophotonics.es. https://orcid.org/
0000-0002-4970-4565
Álvaro Rodríguez Echarri, ICFO-Institut de Ciencies Fotoniques, The
Barcelona Institute of Science and Technology, 08860 Castelldefels,
Barcelona, Spain, E-mail: arepb15@gmail.com. https://orcid.org/
0000-0003-4634-985X
Joel D. Cox, Center for Nano Optics, University of Southern Denmark,
Campusvej 55, DK-5230 Odense M, Denmark; and Danish Institute
for Advanced Study, University of Southern Denmark, Campusvej 55,
DK-5230OdenseM,Denmark, E-mail: cox@mci.sdu.dk. https://orcid
.org/0000-0002-5954-6038

1 Introduction
As quantum information processing is reaching a mature
state, different platforms that materialize quantum entan-
glement are being intensely explored [1–4]. Among them,
the generation of entangled photon pairs via nonlinear
light–matter interactions is highly appealing for practi-
cal implementation, where photons – being capable of
traversing enormous distances at the ultimate speed while
interacting weakly with their environment – are ideal car-
riers of information [5, 6]. In this context, the intrinsically
weak interaction of light with matter is both a blessing
and a curse, in that propagating photons are less sensitive
to decoherence, but are difficult to manipulate because
they cannot be easily brought to interact [7]. Efficient har-
vesting of generated entangled photon pairs in optical
device architectures presents further technological chal-
lenges that impede development of all-optical quantum
information networks.

Quantum entanglement has traditionally been
encoded in the polarization (or spin angular momentum)
state of photons funneled into the weakly guided modes
supported by optical fibers [8, 9]. Alternatively, the orbital
angularmomentum (OAM) state of light constitutes an infi-
nite basis set in which photon entanglement is accessed
by twisting the light wavefront [10–12]. Recently, opti-
cal metasurfaces capable of generating light in arbitrary
spin and OAM states have been employed to produce
well-collimated streams of entangled photons [13, 14].

Entangled photon pairs are typically generated via
spontaneous parametric down-conversion (SPDC) [15, 16],
a second-order nonlinear optical process that is tanta-
mount to time-reversed sum-frequency (SF) generation
[17–19], and which conserves both spin and OAM. How-
ever, the generation and manipulation of entangled light
is hindered not only by the low nonlinear response of
conventional materials, but also by the need to collect
and direct the entangled photon pairs – produced upon
phase-matching in bulk nonlinear crystals – into scalable
optical components that enable quantum logic opera-
tions. Theoretical explorations of SPDC by waveguided
photons have revealed its feasibility in the presence of
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material dispersion and loss [20–22], while experimen-
tal efforts to develop on-chip sources of entangled pho-
tons include demonstrations of SPDC in periodically poled
LiNbO3 waveguides [23, 24] and in a microring resonator
[25, 26], as well as path-entanglement photons based
on coupled waveguides in on-chip direct-illumination
schemes [27, 28]. Additionally, the SPDC process has been
recently proposed to conserve the in-plane momentum in
graphene ribbons containing an electrostatically induced
p–n junction where entangled plasmonic modes are
generated [29].

In this work, we propose an alternative strategy to
excite entangled photon pairs directly into a low-loss opti-
cal waveguide simply by illuminating it from free space,
and explore the feasibility of this approach through rigor-
ous theoretical analysis. Our method relies on the intrin-
sic second-order optical nonlinearity of the waveguide to
down-convert a normally impinging optical field directly
into two guided modes, where energy and momentum
conservation restricts the possible modes that can be
accessed by a particular incident field. To quantitatively
analyze the down-conversion scheme, we consider the
reverse process, in which two counter-propagating waveg-
uide modes up-convert into a free-space photon mode. By
invoking the reciprocity theorem [30], our analysis effec-
tively describes the fidelity of our proposed SPDC scheme,
which can be readily explored in an experimental setting

using conventional optical components, and thus pro-
vides a widely accessible source of entangled photon pairs
directly generated in an optical waveguide. Although dif-
ferent counter-propagating illumination schemes involv-
ing optical waveguides have been proposed [31–35], we
emphasize that here entanglement does not rely on phase-
matching, and takes place directly within the waveguide
modes.

2 Results and discussion
We consider the configuration shown in Figure 1(a), con-
sisting of a freestanding cylindrical waveguide of radius
a under normal illumination. For simplicity, we assume
isotropic, homogeneous materials, although our calcula-
tions can be readily extended to anisotropic media and
more complex geometries, such as a noncircular waveg-
uide on a substrate. As we elaborate in Methods, the
cylindrical waveguide geometry admits analytical expres-
sions that characterize the electromagnetic field profiles
of its guided modes and their dispersion. The latter is
presented in Figure 1(b), and represents a dispersion rela-
tion typical for high-index dielectric waveguides, includ-
ing those with a rectangular cross-section, as we show
in the Supplementary Information (SI). The second-order
nonlinearity of the waveguide material facilitates SPDC
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Figure 1: Generation of waveguided entangled photon pairs by down-conversion in an optical waveguide.
(a) Illustration of a cylindrical waveguide (radius a, material permittivity 𝜖1, and host permittivity 𝜖h) subject to normal illumination. Each
incident photon can be down-converted via the second-order nonlinear response of the waveguide material (susceptibility 𝜒 (2)) to produce
two waveguided photons within modes i and i′ characterized by electric fields Ei and Ei′ , frequencies𝜔i and 𝜔i′ , and wave vectors qi and qi′
satisfying qi + qi′ = 0. (b) Dispersion diagram of waveguide modes (normalized frequency 𝜔a∕c as a function of normalized wave vector qa)
for 𝜖1 = 5 and 𝜖h = 1. The light cones in the waveguide and host materials (white and gray areas, respectively) limit the existence of guided
modes. We highlight the two lowest-order modes that possess nonzero longitudinal field components (HE11 and TM01, see labels) and enable
down-conversion with a small number of photon-pair emission channels: one symmetric (yellow circles) and two asymmetric (blue and green
circles) channels. (c) Detail of photon-pair emission channels, showing the threshold frequency of the TM01 mode𝜔1, the frequency𝜔2 of the
HE11 mode with the same wave vector, and the number of down-conversion channels available depending on the incident photon frequency
𝜔 (1, 3, and>3 in white, blue, and green areas). Each channel has±q and ±m degeneracies.
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into states lying within different bands, so that an inci-
dent photon is converted into two guided photons, with
wave vectors of opposite sign (q and −q) that conserve
momentumalong thedirectionof translational invariance,
as sketched in Figure 1(b) and discussed below.

Without entering into the details of how to quantify
entanglement for more complex states [36], we aim at
producing maximally entangled photon pairs moving in
opposite directions along the waveguide (left L with wave
vector−q, and right Rwith wave vector q) that correspond
to Bell quantum states of the form

|𝜓⟩ = |LiRi′⟩+ |Li′Ri⟩, (1)

where i and i′ denote different photon quantum numbers,
such as the azimuthal number m, the mode polarization,
and the frequency. Before exploring these possibilities,
we provide a rigorous theory to calculate the SPDC effi-
ciency associated with different output channels in the
waveguide.

2.1 Down-conversion efficiency in
cylindrical waveguides

To quantify the SPDC efficiency, we compute the proba-
bility of the inverse process: SF generation produced by
two counter-propagating guided photons of frequencies
𝜔i and 𝜔i′ which combine to generate a photon frequency
𝜔ii′ = 𝜔i +𝜔i′ that is normally emitted from the waveg-
uide. In virtue of reciprocity, the per-photon probabili-
ties for the two processes (SPDC and SF generation) are
identical. In practice, we calculate the efficiency by con-
sidering two photons within counter-propagating guided
modes i and i′, prepared as long pulses of length L and
space/time-dependent electric fields Ei(r, t) and Ei′ (r, t)
(Figure 1(a)) that comprise frequency components that
are tightly packed around 𝜔i and 𝜔i′ . Through the SF
second-order susceptibility tensor𝜒 (2), a polarization den-
sity Pii′ (R) is produced within a narrow frequency range
around 𝜔ii′ . More precisely,

P̃ii′,a(R) =
∑

bc

𝜒
(2)
abc(R)
|𝜒̄ (2)|

Ei,b(R)Ei′,c(R), (2)

where the indices {a, b, c} run over Cartesian components,
Ei(R) gives the profile ofmode i in the transverse planeR =
(x, y), and we normalize the susceptibility to the quantity

|𝜒̄ (2)| ≡
∑

abc
|𝜒

(2)
abc|. (3)

For simplicity, we consider the wave vectors of the two
modes to satisfy the condition qi + qi′ = 0, so that the SF
photons are emittedwith zerowave vector component par-
allel to the waveguide (i.e., along normal directions). The
SF polarization density generates a field that we compute
at long distances from the waveguide using the electro-
magnetic Green tensor of the system  (r, r′, 𝜔) [22], from
which we calculate the far-field Poynting vector, whose
radial component is in turn integrated over time and direc-
tions of emission to produce the emitted energy. We then
divide this energy by ℏ𝜔ii′ to obtain the number of emitted
photons Nii′ . Likewise, we calculate the Poynting vector
associated with each of the pulses and integrate the com-
ponent parallel to the waveguide over time and transverse
spatial directions to yield the number of photons incident
in each pulse, Ni and Ni′ . Finally, the ratio of the emitted
number of photons to the number of photons in each pulse
is interpreted as the probability 𝜂ii′ = Nii′∕NiNi′ that two
colliding quanta combine into one emitted SF quantum
(again, identical with the probability that an externally
incident photon produces a pair of counter-propagating
photons within modes i and i′). In the long L limit, the
incident pulses become monochromatic and 𝜂ii′ turns out
to be independent of L. For convenience, we decompose
the up-conversion efficienty into contributions associated
with emission along different azimuthal angles 𝜑 (see
coordinate system in Figure 1(a)) as

𝜂ii′ =
2𝜋

∫
0

d𝜑𝜂ii′ (𝜑). (4)

After a lengthy calculation (see a detailed self-contained
derivation in Methods), we obtain the following result for
the angle-resolved efficiency:

𝜂ii′ (𝜑) =
4𝜋2ℏc
a4 |𝜒̄ (2)|2

𝑤i𝑤i′

(𝑤i +𝑤i′ )
2

|𝛽i𝛽i′ |

|𝛽i|+ |𝛽i′ |

Iii′ (𝜑)
IiIi′

, (5a)

Ii =
1
a2 ∫ d2R Re

{
Ei,x(R)H∗

i,y(R)− Ei,y(R)H∗
i,x(R)

}
, (5b)

Iii′ (𝜑) =
|
|
|
|
|
|
|
∫
R′<a

d2R′ g
(
𝜑− 𝜑′

,R′, 𝜔ii′
)
⋅ P̃ii′ (R′)

|
|
|
|
|
|
|

2

, (5c)

where 𝑤i = 𝜔ia∕c, 𝛽 i = 𝑣i∕c, 𝑣i = 𝜕𝜔i∕𝜕qi is the group
velocity in mode i, H is the magnetic field, and
g(𝜑− 𝜑′,R′, 𝜔) is the amplitude of the electromag-
netic Green tensor in the far-field limit defined
through (r, r′, 𝜔)→ (ei

√
𝜖h𝜔R∕c∕R) g (𝜑− 𝜑′,R′, 𝜔) for
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normal emission (see Eq. (34) below for an explicit expres-
sion).Here, Ii and Iii′ areproportional to thenumberof inci-
dent photons inwaveguidemode i and emitted outside the
waveguide, respectively. Incidentally, thesecoefficientsare
normalized in such a way that they are independent of the
waveguide radius a, so the efficiency 𝜂ii′ only depends on
a through an overall factor 1∕a4 for a fixed value of𝜔ia∕c.
In brief, 𝜂ii′ represents the ratio of SF photons produced
per two incident photons (one in each waveguide mode),
that is, the SF matrix element for 𝜔i +𝜔i′ → 𝜔ii′ , which
must be equal to the SPDC matrix element corresponding
to 𝜔ii′ → 𝜔i +𝜔i′ . The latter affects each incident photon
separately, so it can be interpreted as the fraction of inci-
dent photons that undergo SPDC, and we thus equate it to
the fraction of down-converted power.

For the cylindrical waveguides under consideration,
we can multiplex the mode labels as i = {qi,mi, li, 𝜎i},
where qi is the wave vector, mi is the azimuthal angular
momentumnumber, li refers to different radial resonances,
and 𝜎i runs over polarization states (i.e., TE0li and TM0li for
mi = 0, and hybrid modes HEmili and EHmili formi ≠ 0, see
Section 4.1.1). Given the symmetry of the waveguide, the
radial and azimuthal components of the transverse field
associated with eachmode only depend on radial distance
R, apart from an overall phase factor eimi𝜑. For simplicity,
we consider a second-order response tensor 𝜒 (2) that also
preserves the cylindrical symmetry, so that the angular
integral in Eq. (5c) leads to angular momentum conserva-
tion (mii′ = mi +mi′ for the emittedphotons). Inparticular,
we assume a nonlinear tensor dominated by the 𝜒 (2)

zzz com-
ponent (e.g., a LiNbO3 waveguide with the z axis aligned
along the waveguide), which implies that the TE modes
and the TE component of the hybrid modes do not couple
to the incident field through𝜒 (2). In fact, as we show in the
Supplementary Information, themode profiles and disper-
sion properties of cylindrical waveguides are remarkably
similar to their counterparts with rectangular geometries,
such as those more commonly employed in the construc-
tion ofwaveguides fromhighly nonlinear crystals inwhich
a single component of the 𝜒 (2) tensor dominates [37, 38].

2.2 Availability and efficiency of different
down-conversion channels

We are now equipped to discuss the generation of entan-
gled photon pairs through SPDC in ourwaveguide. Assum-
ing the above conditions, the lowest-frequencymodes that
possessanonzero z componentof theelectricfield,andcan
consequently couple to normally impinging external light,
areHE11 andTM01 (seeFigure 1(b)).We identify tworelevant
frequencies in this region (see Figure 1(c)): the threshold of

theTM01 modeat𝜔1 (satisfying𝜔1a∕c = 2.4048∕√𝜖1 − 𝜖h,
see Section 4.1), and the frequency 𝜔2 of mode HE11 with
the same wave vector. Upon inspection, we find that for
an incident light frequency 𝜔 < 𝜔1 +𝜔2, the only SPDC
channel available corresponds to the generation of two
HE11 modes of frequency 𝜔∕2 and opposite wave vectors.
This situation already allows us to produce entangled pho-
ton pairs of the form given in Eq. (1), where i and i′ now
refer to the azimuthal numbers mi,mi′ ∈ {−1, 1} for each
of the emitted photons. In particular, if the waveguide is
symmetrically illuminated alongdifferent azimuthal direc-
tions (see Section 2.3 below), it is possible to select only
them = 0 component from the external light, so that con-
servation of azimuthal angular momentum leads to the
conditionmi +mi′ = 0, and therefore, the emitted photon
pair forms an entangled state |L−1R1⟩+ |L1R−1⟩, where the
subindices indicate the values of mi and mi′ for the L and
R emission directions, all of them sharing the same fre-
quency 𝜔∕2 and polarizations HE±1,1, so we refer to this
channel as HE11 + HE11.

Another interesting range of incidence frequencies
is 𝜔1 +𝜔2 < 𝜔 < 2𝜔1 (blue area in Figure 1(c)), where
the HE11 + HE11 channel is now supplemented by two
additional possibilities in which the two generated pho-
tons have different frequencies (with the sum satisfying
𝜔 = 𝜔i +𝜔i′ ) and lie in different bands (HE11 or TM01).
This is indicated by the two pairs of color-matched blue
and green dots in Figure 1(b) and (c), where the condition
of opposite wave vectors is obviously satisfied. Again, it is
possible to select a specific SPDC channel by illuminating
with a fixed m number (see below), and in particular, by
settingm = mi +mi′ = 1, the HE11 +HE11 channel is elimi-
nated (because the overall azimuthal number obtained by
combining two HE±11 modes is 0 or ±2), so that we obtain
again a maximally entangled state of the form given in
Eq. (1) with i and i′ now referring to TM01 and HE11 (i.e.,
|LTMRHE⟩+ |LHERTM⟩, with azimuthal numbers mi and mi′

taking the values 0 and 1 in the TM and HE components,
respectively).

The formalism presented in Section 2.1 allows us to
calculate the SPDC efficiency for the production of specific
photon pair-states, using external illumination prepared
withanazimuthalnumberm = mi +mi′ andapolarization
state determined by the time reversal of the SF generation
state considered in the derivation of these results. Under
the assumed conditions of incidence along transverse
directions, and considering a zzz-dominant component in
the second-order susceptibility tensor, the profile of the
applied light amplitude as a function of azimuthal angle𝜑
is therefore taken to be eim𝜑, with the field oriented parallel
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to the waveguide direction. These conditions can be met
by combining several incident light beams, as we discuss
below. The efficiencies calculated for different SPDC chan-
nels in this scheme are shown in Figure 2, normalized to
(ℏc∕a4)|𝜒̄ (2)|2 in order to present universal, dimensionless
results as a function of the scaled incident light frequency
𝜔a∕c. For an 𝜖1 = 5 waveguide in air (Figure 2(a)), we
find efficiencies that generally grow with the order of the
waveguide modes, exhibiting resonances as a function of
the incident frequency𝜔 = 𝜔i +𝜔i′ . These resonances are
inherited from the two-dimensional transmission coeffi-
cients (see Section 4.1) and can be understood as coupling
of the incident light to leaky cavity modes at the incident
light frequency.We indicate inwhite thearea inwhich there

(a)

(b)

Figure 2: Down-conversion efficiency for different output channels.
(a) Normalized SPDC efficiency for a waveguide with 𝜖1 = 5 and
𝜖h = 1 as a function of incident light frequency 𝜔 = 𝜔i +𝜔i′ .
Different output channels i+ i′ are indicated by labels, while the
regions highlighted in white, blue, and green indicate 1, 3, and>3
available channels (each of them degenerate in the sign of both the
wave vectors and the azimuthal numbers). (b) Efficiencies
corresponding to the three lowest channels (one in HE11 + HE11 and
two in HE11 + TM01) for different values of the waveguide permittivity
𝜖1 (see color-coded labels). Colored areas highlight the respective
regions in which three channels exist, while the frequency threshold
for each of the down-conversion channels is indicated by colored
circles.

isonlyonedecaychannel (HE11+HE11, seeabove),whereas
the area with three decay channels (two additional ones
corresponding to TM01 + HE11 and HE11 + TM01) is high-
lighted in blue. The green region at higher frequencies
contains an increasing number of channels, which could
be also exploited to generatemore complex entangledmix-
tures, involving multiple output states in each direction
(L and R) and higher-order modes.

The spectral evolution of the efficiencies is roughly
maintained when varying the waveguide permittivity 𝜖1
(Figure 2(b)), but we observe a general increase in 𝜂ii′
with increasing 𝜖1 in the region of interest, as well as
a spectral shift of the region with three output channels
(highlighted in shading colors and evolving toward lower
frequencies as we increase the permittivity, in agreement
with the single-mode-fiber cutoff condition). Interestingly,
we find a crossover in the efficiency of HE11 + HE11 relative
to that of HE11 + TM01: the former dominates over the latter
within the three-channel region at high 𝜖1, whereas the
opposite behavior is found at lower permittivities.

Quantitatively, our results indicate that the current
scheme is feasible for producing a reasonable rate of
entangled photon pairs, taking into account that they are
already prepared within waveguide modes [31, 33]. In par-
ticular, for values of |𝜒̄ (2)| ∼ 10−10 m V−1 found in good
nonlinear materials such as LiNbO3 [17, 39] and a waveg-
uide radius ∼ 100nm, the scaling factor in Figure 2 is
(ℏc∕a4)|𝜒̄ (2)|2 ∼ 10−10 uponconversionof thearguments to
the Gaussian-GCS unit system adopted here, which yields
a power fraction of 10−11 for SPDC when it is multiplied
by a scaled efficiency of∼ 0.1 (Figure 2). Considering pho-
ton energies ∼ 1 eV and an incident light power ∼ 1 mW,
the estimated power fraction amounts to a generation
rate of ∼ 105 entangled photon pairs per second. As an
additional possibility, the efficiency could be increased by
incorporating resonant elements to amplify the external
light in the region surrounding the waveguide, such as
planar Fabry–Perot resonators, which is a natural option
for waveguides fabricated on a substrate [34, 37]. Alterna-
tively, the SPDC efficiency can be improved by physically
or chemically doping the waveguide with active centers
to enhance its intrinsic nonlinear response, or by incor-
porating different materials in lithographically patterned
waveguide geometries.

2.3 Selection of down-conversion channels
through illumination interference

A p-polarized electromagnetic plane wave of amplitude E0
incident through thehostmediumwith awave vectorkh⊥ẑ
normal to the waveguide (Figure 3(a)) contributes with a
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(a) m= 0, ±1, ±2, ±3, ...

(c)

(b)

m= 0, ±2, ±4, ...

(d) m= ±1, ±3, ±5, ...

(e) general m selection

y
x

E0 ei 0

En ei n

E1 ei 1

E0

E0E0

E0

-E0

Figure 3: Mode selection through light interference. A single
incident light plane wave (a) contains all possible values of the
azimuthal numberm in the external field, and can thus excite all
available SPDC channels for the chosen input frequency. We can
combine illumination from different directions through beam
splitters and mirrors, as indicated in (b) for two-plane-wave
irradiation, leading to a selection of them values from the external
light. Examples of selection by irradiation with two in-phase and
out-of-phase counter-propagating plane waves are shown in (c) and
(d). More stringent selection ofm is possible by combining multiple
plane waves of amplitudes E j along different azimuthal directions
𝜑 j, with j = 0,… ,n.

broad range of azimuthal numbersm = mi +mi′ according
to the decomposition

E0 ẑ eikh⋅R =
∑

m
im E0e

−im𝜑khEJh,0mp(R) (6)

in terms of cylindrical waves EJh,0mp (see Supplemen-
tary Information). This situation leads to entangled states
that combine more than two polarizations for each of the
two waveguiding directions (L and R). For example, in
the single HE11 + HE11 channel region (at incident light
frequency 𝜔 < 𝜔1 +𝜔2), we can have all combinations
of mi = ±1 and mi′ = ±1, thus reducing the degree of
entanglement. One way to address this issue is to com-
bine illumination fromdifferent azimuthal directions (e.g.,
in an interferometric setup involving beamsplitters and

mirrors, as illustrated in Figure 3(b)). In particular, when
illuminatingwith two in-phase counter-propagatingwaves
(Figure 3(c)), only even values of m survive, whereas only
odd m’s are selected if the waves have a 𝜋 relative phase
difference (Figure 3(d)). In general, we can consider an
arbitrary number of plane waves (Figure 3(e)), so that the
total field acting on the waveguide has the same form as
in Eq. (6), but with E0e

−im𝜑kh substituted by ∑
jE je−im𝜑 j ,

where the sum runs over plane waves j of amplitude Ej
directed along azimuthal directions 𝜑j.

In the one-channel regime (HE11 + HE11 output), we
can generate the maximally entangled state |L−1R1⟩+
|L1R−1⟩ by selecting an incident m = 0 component and
eliminatingm = ±2 contributions, as other values ofm do
not couple to the output modes that are available in that
region. This selection requires aminimumof three external
plane waves (e.g., with equal amplitudes and azimuthal
angles of 0 and ±𝜋∕3). Likewise, a more stringent selec-
tion of m contributions is possible by resorting to more
incident plane waves, therefore opening a vast range of
possible entangled photon pairs prepared in higher-order
modes. In particular, a simple discrete-transform analysis
leads to the conclusion thatwe can select a specificm = m0
componentwhile canceling out those of all otherm’s in the
|m| ≤ N range by combining 2N + 1 incident waves along
azimuthal directions 𝜑j = 2𝜋j∕(2N + 1) with amplitudes
Ej = E0eim0𝜑 j for 0 ≤ j ≤ 2N. For example, in the three-
channel region of Figure 2, applying this procedure with
N = 2, five plane waves can be used to select m = 1 (or
m = −1) while discarding the undesired m = 0,±2 and
m = −1 (or m = 1) contributions to obtain a maximally
entangled state |LTMRHE⟩+ |LHERTM⟩ that combines the
TM01 and HE11 (or HE−11) modes.

3 Concluding remarks
We propose a straightforward approach to generate entan-
gled photon pairs directly into low-loss dielectric waveg-
uides based on down-conversion of normally impinging
light and introduce a theoretical formalism relying on the
reciprocity theorem to quantify the efficiency of the pro-
cess. Our formalism leads to a universal overall scaling of
the efficiency 𝜂 with the second-order nonlinear suscepti-
bility𝜒 (2) and waveguide radius a as 𝜂 ∝ |𝜒̄ (2)|2∕a4, which
is further factored by an involved interplay among mate-
rial parameters. For a moderate incident light power of 1
mW and an efficient nonlinear material such as LiNbO3,
our theory predicts a production rate of ∼ 105 entan-
gled photon pairs per second. The theoretical prescription
here presented for cylindrical geometries can be readily
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extendedtootherwaveguideconfigurations,which impose
different symmetries. In particular, preferential elements
of the nonlinear susceptibility tensor may be more eas-
ily accessed in alternative morphologies depending on the
material symmetry (e.g., in rectangularwaveguides,which
are shown in the Supplementary Information to present
remarkably similar modal characteristics as their cylindri-
cal counterparts). Integration of the waveguide on a sub-
strate opens additional possibilities to resonantly amplify
the external light (e.g., through Fabry–Perot resonators),
including exposure to evanescent fields (along the trans-
verse directions) rather than propagating light. Crucially,
the investigated strategy to generate counter-propagating
photons necessitates only conventional optical elements,
while the theory can be directly applied to predict the
efficiency of the down-conversion process. Moreover, we
suggest interferometric schemes to select the symmetry of
the generated photon modes, thus reducing the number
of accessible SPDC channels and increasing the resulting
degree of entanglement. Frequency post-selection of the
generatedwaveguided photons can also be used to discard
undesired channels and enhance entanglement. An imple-
mentation of these ideas should enable the generation of
down-converted photon pairs with a high degree of entan-
glement involving on-demand combinations of high-order
symmetries.We thus envision that these findings can stim-
ulate experimental ventures in quantumoptics to entangle
light with a predictable degree of fidelity and help allevi-
ate practical issues related to the coupling of quantum
light sources to optical components required in emerging
quantum information technologies.

4 Methods
In this section, we provide a detailed, self-contained derivation of
the formalism and equations used in the main text. More precisely,
we provide the following elements: a description of guided modes in
a cylindrical dielectric wire, along with explicit expressions for their
associated electromagnetic fields; a discussion ofwaveguidedpulses;
a study of the field produced by line dipoles situated inside thewaveg-
uide; a calculation of the SF energy that is emitted into the far field
through the second-order nonlinearity of the waveguide material in
response to two counter-propagating guided pulses; and a derivation
of the SF conversion efficiency, which we argue to be equal to the
SPDC efficiency in virtue of reciprocity. We consider guided modes
with opposite wave vectors (Figure 1(a)), which couple to external
light propagating along directions perpendicular to the waveguide.

4.1 Electromagnetic waves in a cylindrical waveguide

To describe electromagnetic waves in a cylindrical geometry, we first
decompose the electric field into cylindrical waves following the

prescription of Ref. [40]. More specifically, adopting a cylindrical
coordinate system r = (R, 𝜑, z),weconsider ahomogeneous, isotropic
dielectricmedium(labeled j) freeof external chargesandcurrents that
is characterizedbyapermittivity 𝜖 j (setting themagnetic permeability
to 𝜇 = 1) and express the electric field in cylindrical waves indexed
by their azimuthal numberm, wave vector q along ẑ, and polarization
𝜎 ∈ {s, p} according to

EJj,qms(r) =
[
im
QjR

Jm(QjR)R̂− J′m(QjR)𝜑̂
]

eim𝜑eiqz, (7a)

EJj,qmp(r) =
q
k j

[

iJ′m(QjR)R̂− m
QjR

Jm(QjR)𝜑̂

+
Qj

q
Jm(QjR)ẑ

]

eim𝜑eiqz, (7b)

where we define k j =
√
𝜖 j𝜔∕c and Qj =

√
k2j − q2 + i0+ (with the

square root yielding a positive real part), while the primes on the
Bessel functions denote differentiation with respect to the argument.
From the orthogonality of the Bessel functions ∫ ∞

0 xdxJm(x)Jm(ax) =
𝛿(a− 1), it is easy to show that these fields satisfy the orthonormal-
ity relation ∫ d2REJj,qm𝜎 ⋅

(
EJj,q′m′𝜎′

)∗
= 2𝜋𝛿mm′𝛿𝜎𝜎′𝛿(q− q′)∕q, while

the field of modes with different polarizations are related as

EJj,qm𝜎 =
1
k j
∇× EJj,qm𝜎′ , 𝜎 ≠ 𝜎′

. (8)

We now discuss a cylindrical wave emanating from the interior of a
cylindrical waveguide of radius a that is infinitely extended in the z
direction, comprisedofadielectricmaterialofpermittivity𝜖1 (medium
j = 1), and embedded in a host medium j = h (permittivity 𝜖h). Using
the notation introduced above, the electric field is expressed as

E =
{
EH1,qm𝜎 + rm,s𝜎EJ1,qms + rm,p𝜎EJ1,qmp, R < a,
tm,s𝜎EHh,qms + tm,p𝜎EHh,qmp, R ≥ a,

(9)

where

EHj,qms(r) =
[
im
QjR

H(1)
m (QjR)R̂− H(1)′

m (QjR)𝜑̂
]

eim𝜑eiqz, (10a)

EHj,qmp(r) =
q
k j

[

iH(1)′
m (QjR)R̂− m

QjR
H(1)
m (QjR)𝜑̂

+
Qj

q
H(1)
m (QjR)ẑ

]

eim𝜑eiqz, (10b)

are outgoing waves similar to the propagating waves in Eq. (7), but
with the Bessel functions Jm substituted by Hankel functions H(1)

m ,
while the reflection and transmission coefficients rm,𝜎𝜎′ and tm,𝜎𝜎′ are
given by (see Supplementary Information)
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⎡
⎢
⎢
⎢
⎢
⎣

rm,ss
tm,ss
rm,ps
tm,ps

⎤
⎥
⎥
⎥
⎥
⎦

= M−1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−𝜁 Q1
k1
H(1)
m (Q̃1)

−H(1)′
m (Q̃1)
0

−𝜁 mq
k1Q̃1

H(1)
m (Q̃1)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

and

⎡
⎢
⎢
⎢
⎢
⎣

rm,sp
tm,sp
rm,pp
tm,pp

⎤
⎥
⎥
⎥
⎥
⎦

= M−1

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
− mq
k1Q̃1

H(1)
m (Q̃1)

−Q1
k1
H(1)
m (Q̃1)

−𝜁H(1)′
m (Q̃1)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (11)

with the matrixM defined as [40]

M =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜁Q1
k1

Jm(Q̃1)
−Qh
kh

H(1)
m (Q̃h) 0 0

J′m(Q̃1) −H(1)′
m (Q̃h)

mq
k1Q̃1

Jm(Q̃1)
−mq
khQ̃h

H(1)
m (Q̃h)

0 0 Q1
k1
Jm(Q̃1)

−Qh
kh

H(1)
m (Q̃h)

𝜁mq
k1Q̃1

Jm(Q̃1)
−mq
khQ̃h

H(1)
m (Q̃h) 𝜁 J′m(Q̃1) −H(1)′

m (Q̃h)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (12)

in terms of parameters Q̃ j = Qja and 𝜁 ≡
√
𝜖1∕𝜖h. These expressions

are obtained by imposing the electromagnetic boundary conditions at
R = a, specifically the continuity of the 𝜑̂ and ẑ electric andmagnetic
field components at the cylinder surface,whichautomatically guaran-
tees the continuity of the electric displacement and themagnetic field
along the R̂ direction. Incidentally, the dispersion relation for cylin-
drical waveguide modes is obtained from the condition det{M} = 0,
which signals the existence of a nontrivial solution in the absence of
an external field, and leads to the expression

[
1
Q̃1

J′m(Q̃1)
Jm(Q̃1)

− 1
Q̃h

H(1)′
m (Q̃h)
H(1)
m (Q̃h)

]

×
[
𝜖1
Q̃1

J′m(Q̃1)
Jm(Q̃1)

− 𝜖h
Q̃h

H(1)′
m (Q̃h)
H(1)
m (Q̃h)

]

=
[
mq
k

Q̃2
1 − Q̃2

h
(Q̃1Q̃h)2

]2 (13)

with k = 𝜔∕c. The above result is equivalent to other textbook forms
of the dispersion relation for cylindrical waveguide modes [41–44],
typically expressed in terms of modified Bessel functions in lieu
of Hankel functions. The range of wavelengths 𝜆 for which only a
single mode exists is determined by the condition (a∕𝜆)√𝜖1 − 𝜖h <
(𝛼0∕2𝜋) = 0.3827, where 𝛼0 is the first zero of J0, [45] thus setting a
wavelength threshold for the multimode waveguide here considered.

4.1.1 Electric field distribution of guidedmodes: For convenience,
we introduce normalized s- and p-polarized fields defined as

Esi (R) =
⎧
⎪
⎨
⎪
⎩

ik1√
𝜖1Q1

1
Jm(Q̃1)

EJ1,qms(R), R < a,

ikh√
𝜖hQh

1
H(1)
m (Q̃h)

EHh,qms(R), R ≥ a,
(14a)

Ep
i (R) =

⎧
⎪
⎨
⎪
⎩

k1
Q1

1
Jm(Q̃1)

EJ1,qmp(R), R < a,
kh
Qh

1
H(1)
m (Q̃h)

EHh,qmp(R), R ≥ a,
(14b)

respectively, suchthatEp
i ⋅ ẑ = 1andHs

i ⋅ ẑ = 1,with themagneticfield
H𝜎

i = −(i∕k)∇× E𝜎i obtained from Faraday’s law. Note that without
loss of generality we evaluate the modes at z = 0, and a global factor

eiqz is understood to contain the dependence on the coordinate along
the waveguide direction z. Guidedmodes are obtained as solutions of
Eq. (13), which for a given azimuthal dependence m admits different
radial solutions (labeled by l), so that the modes are characterized
with {m, l} indices.

TE and TM modes – For m = 0 we see from the secular matrix
M in Eq. (12) that s and p components are not mixed by scattering
at the circular waveguide surface, and therefore, pure-polarization
solutions exist in this case, signaled by the vanishing of one of the
two factors in the left-hand side of Eq. (13): TE0l modes (s waves) of
electric field Esi (R) (Eq. (14a)) when the first factor is zero; and TM0l
modes (p waves) of electric field Ep

i (R) (Eq. (14b)) when the second
factor vanishes.

HE and HE hybrid modes – For m ≠ 0, the solutions to Eq. (13)
aremodes of hybrid polarization, EHml andHEml, for which both s and
p waves contribute, such that the field of mode i can be expressed as
Ei = 𝜈Esi + Ep

i , where

𝜈 = imq
k

Q̃2
1 − Q̃2

h
Q̃1Q̃h

[
Q̃hJ′m(Q̃1)
Jm(Q̃1)

− Q̃1H
(1)′
m (Q̃h)

H(1)
m (Q̃h)

]−1

is defined by imposing continuity of the tangential fields at R = a.
When i𝜈 > 0 is far from the cutoff frequency, the modes are termed
HEml, while in the opposite situation they are labeled as EHml. Note
that alternative yet equivalent definitions exist depending on how
modes are normalized [46].

4.1.2 Waveguided pulses: We consider the propagation of Gaus-
sian wavepackets in the cylindrical waveguide, characterized by a
finite spatial pulse width L along the waveguide direction ẑ, such that
the field is given by

Ei(r, t) = ∫

dq
2𝜋

Ei(R, q)ei(qz−𝜔t)
[√
𝜋Le−(q−qi)2L2∕4

]
+ c.c.,

whereEi(R, q) is theprofile ofmode i for awave vectorq. In thepulse,q
is tightly packed around q = qi. Linearizing the dispersion according
to𝜔 ≈ 𝜔i + 𝑣i(q− qi), where 𝑣i = 𝜕𝜔∕𝜕q|q=qi is the associated group
velocity, and considering L to be large enough to assume that the
electric field profile does not vary significantly within a wave vector
interval of size ∼1∕L around qi, such that Ei(R, q) ≈ Ei(R, qi) ≡ Ei(R),
we can write the field as

Ei(r, t) ≈ Ei(R)ei(qiz−𝜔i t) ∫
dq
2𝜋

ei(q−qi)(z−𝑣i t)

×
[√
𝜋Le−(q−qi)2L2∕4

]
+ c.c.,

which, after evaluating the integral in q, reduces to

Ei(r, t) = Ei(R)ei(qiz−𝜔i t)e−(z−𝑣i t)
2∕L2 + c.c. (15)

The correspondingmagnetic field is readily computed from Faraday’s
law Hi = −(i∕k)∇× Ei by approximating the 𝜕z component of ∇ =
∇R + ẑ𝜕z acting on Ei as iqi − 2(z − 𝑣it)∕L2 ≈ iqi, provided that the
spatial width of the wavepacket L satisfies qiL≫ 2𝜋, so that

Hi(r, t) = Hi(R)ei(qiz−𝜔i t)e−(z−𝑣i t)
2∕L2 + c.c. (16)

with Hi(R) = −(i∕k)(∇R + iqiẑ) × Ei(R).
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4.2 Field produced by an inner line dipole in the region
outside the waveguide

We consider a line dipole placed at a transverse position R0 = (x0, y0)
within the waveguide and represent it by a dipole density p eiqz0
(dipole per unit length) extending along the line defined by vary-
ing z0 in (R0, z0). It is useful to begin by calculating the electric field
produced in a homogeneousmediumwith the same permittivity 𝜖1 as
the waveguide material, expressed as the integral over z0 of the field
due to a point dipole [30]:

Edip(r,R0) =
1
𝜖1

(
k21 +∇⊗∇

)
p(R0)∫ dz0

eik1|r−r0|

|r− r0|
eiqz0 , (17)

where ∇ is understood to act on r, whereas the integral can be
evaluated using the identity ∫ dz0 exp(ik1|r− r0|+ iqz0)∕|r− r0| =
i𝜋eiqzH(1)

0 (Q1|R− R0|) with Q1 defined as in Eq. (7). The line dipole
should generate a set of outgoing cylindrical waves (therefore the
Hankel functions) centered at R0, so in order to capitalize on the
axial symmetry of the waveguide, we need to express the field
in terms of waves centered at the origin R = 0. To this end, we
invoke Graf’s theorem (see Eq. 9.1.79 in Ref. [47]), H(1)

0 (Q1|R− R0|) =∑
mH

(1)
m (Q1R)Jm(Q1R0)eim(𝜑−𝜑0), which holds for |R| > |R0| and can

thus be used to describe the dipole field in the waveguide surface
region R = a > R0, through which the outgoing waves are partially
transmitted outside the waveguide. This translation formula allows
us to recast Eq. (17) into

Edip(r,R0) =
i𝜋
𝜖1

∑

m
Jm(Q1R0)e−im𝜑0

×
[
k21p+∇(p ⋅∇)

]
H(1)
m (Q1R)eim𝜑eiqz. (18)

Now, projecting the dipole as p = ∑
±p±(x̂± ŷ)∕

√
2+ pz ẑ, where

p± = p ⋅ (x̂∓ iŷ)∕
√
2, (19a)

pz = p ⋅ ẑ, (19b)

Eq. (18) can be rewritten as (see Supplementary Information)

Edip(R,R0) = 𝜋k2
∑

m
Jm(k1R0)e−im𝜑0

×
[
∑

±

p±√
2

(

EH1,q(m±1)s ±
q
k1
EH1,q(m±1)p

)

+ ipz
Q1
k1
EH1,qmp

]

,

where the fields EH1,qm𝜎(R) are defined in Eq. (7).

4.2.1 Normal emission into the far field: The transmission of elec-
tromagnetic fields from thewaveguide is determined fromEqs. (9) and
(11), which show that, for the special case of q = 0 considered here,
polarization states do not mix (i.e., tm,𝜎𝜎′ = 0 for 𝜎 ≠ 𝜎′). We thus
express the field outside the waveguide produced by a line dipole p
placed at R0 as

Eout(R,R0) = 𝜋k2
∑

m
Jm(k1R0)e−im𝜑0

×
[
p+√
2
tm+1,ssEHh,0(m+1)s +

p−√
2
tm−1,ssEHh,0(m−1)s

+ ipztm,ppEHh,0mp

]

,

(20)

which is obviously independent of z. In the far field, we can use the
asymptotic limitH(1)

m (𝜃) ≈
√
2∕𝜋𝜃 ei(𝜃−m𝜋∕2−𝜋∕4) (see Eq. 10.17.5 in Ref.

[48]) for large arguments of the Hankel functions in the outgoing
waves EHj,0m𝜎 (see Eq. (10)), which allows us to write the electric field
as

EHh,0m𝜎(R) →
khR≫1

eikhR
√
khR

√
2
𝜋
ei(m𝜑−m𝜋∕2−𝜋∕4)

{
−i𝜑̂, (𝜎 = s),
ẑ, (𝜎 = p),

while themagnetic far field is obtained by using Eq. (8) and Faraday’s
law as HH

h,0m𝜎 ←←←←←←←←←←←←←←←←←←←←←←←←←←←←→
khR≫1

− i
√
𝜖h EHh,0m𝜎′ with 𝜎′ ≠ 𝜎. Applying these

expressions to Eq. (20), we find the far electric field

Eout(R,R0) ←←←←←←←←←←←←←←←←←←←←←←←←←←←←→khR≫1

[
+(R̂,R0, q, 𝜔)p+

+ −(R̂,R0, q, 𝜔)p− + z(R̂,R0, q, 𝜔)pz
] eikhR

√
khR

, (21)

where

±(R̂,R0, 𝜔) = ±e3i𝜋∕4
√
𝜋k2 𝜑̂

∑

m
i−mJm(k1R0)

× ei[(m±1)𝜑−m𝜑0] tm±1,ss, (22a)

z(R̂,R0, 𝜔) = ei𝜋∕4
√
2𝜋k2 ẑ

∑

m
i−mJm(k1R0)

× eim(𝜑−𝜑0) tm,pp, (22b)

and the dipole components are defined in Eq. (19).
The above relations allow us to obtain explicit expressions

for the far-field limit (khR≫ 1) of the two-dimensional electromag-
netic Green tensor 2D(R,R0, 𝜔), which is implicitly defined through
the expression Eout(R,R0) = 2D(R,R0, 𝜔) ⋅ p, relating the strength
p of a uniform line dipole placed at R0 inside the waveguide to
the electric field Eout(R,R0) that it generates at a position R out-
side it. Taking into consideration the general asymptotic relation
2D(R,R0, 𝜔) ←←←←←←←←←←←←←←←←←←←←←←←←←←←←→khR≫1

(
eikhR∕

√
khR

)
S(R̂,R0, 𝜔), and comparing it to

Eqs. (21) and (22), we can readily write ± = S ⋅ (x̂± iŷ)∕
√
2 and

z = S ⋅ ẑ to obtain the explicit formula in Eq. (34). These results
can be easily generalized to off-normal emission (q ≠ 0), but involve
off-diagonal transmission coefficients that lead to more complicated
expressions.

4.3 Sum-frequency generation by counter-propagating
waveguided pulses

Wenow introduce counter-propagatingpulse fieldsEi(r, t) andEi′ (r, t)
of the form given in Eq. (15), oscillating at frequencies 𝜔i and 𝜔i′ ,
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respectively. Through the second-order nonlinearity of the waveg-
uide material 𝜒 (2)

abc, where the subscripts a, b, and c denote Cartesian
components, a polarization density Pii′ is produced at frequency
𝜔ii′ = 𝜔i +𝜔i′ . More precisely,

Pii′ (r, t) = |𝜒̄ (2)|P̃ii′ (r, t), (23)

where |𝜒̄ (2)|, defined in Eq. (3), is introduced to quantify the strength
of the SF susceptibility, while the normalized polarization density can
be separated as

P̃ii′ (r, t) = P̃ii′ (R) Sii′ (z, t)+ c.c. (24)

by defining P̃ii′ (R) as in Eq. (2), as well as the (z, t)-dependent factor

Sii′ (z, t) = ei[(qi+qi′ )z−𝜔ii′ t]e−(z−𝑣i t)2∕L2 e−(z−𝑣i′ t)
2∕L2

. (25)

Eventually, we set qi = −qi′ (i.e., waveguided photons with opposite
wave vectors, leading to normal emission of SF photons), so 𝑣i and
𝑣i′ also have opposite signs inherited from qi and qi′ . In addition,
the nonlinear susceptibility 𝜒 (2)

abc(r) is taken to be constant over the
range of frequencies under consideration, as well as uniform inside
the waveguide and zero outside it. We note that the present analysis
could be trivially extended to consider a nonlinear cladding instead.

The SF field Eii′ (r, t) is thus produced by the nonlinear polariza-
tion density according to

Eii′ (r, t) = ∫

d𝜔
2𝜋

e−i𝜔t Eii′ (r, 𝜔)

=
∫

d𝜔
2𝜋

e−i𝜔t
∫

d3r′ (r, r′, 𝜔) ⋅
∫

dt′ei𝜔t′Pii′ (r′, t′), (26)

where we have introduced the three-dimensional electromagnetic
Green tensor (r, r′, 𝜔), defined in such a way that E(r, r′) =
(r, r′, 𝜔) ⋅ p gives the field produced at r by a point dipole of strength
p placed at r′. To quantify SF generation in the far-field limit (i.e., at
khr≫ 1), we exploit the translational invariance of the polarization
source to write

(r, r′, 𝜔) = (r− z′ẑ,R′
, 𝜔) →

khr≫1
eikhr
r

e−ikhzz′∕rg(r̂,R′
, 𝜔),

(27)

which allows us to recast Eq. (26) as

Eii′ (r, t) = ∫

d𝜔
2𝜋

e−i𝜔t e
ikhr

r
fii′ (r̂, 𝜔) (28)

in terms of the frequency-space electric far-field amplitude

fii′ (r̂, 𝜔) = ∫
d3r′ e−ikhzz′∕r

× g(r̂,R′
, 𝜔) ⋅

∫
dt′ei𝜔t′Pii′ (r′, t′).

(29)

Finally, as shown in Supplementary Information, we can relate the
far-field three-dimensional amplitude obtained from the Green ten-
sor in Eqs. (27) and (29) to the two-dimensional one presented in
Section (4.2.1) as

g j(r̂,R′
, 𝜔) = e−i𝜋∕4

√
2𝜋

 j(R̂,R′
, q, 𝜔),

with j taking the values +, −, and z. Again, explicit expressions for
the components of S(R̂,R′

, q, 𝜔) are offered in Section 4.2.1.

4.4 Up- and down-conversion efficiency

The efficiency of the SPDC process in which a photon impinging
normally to the waveguide direction produces a pair of guided pho-
tons moving in opposite directions away from one another is argued
to be identical with that of an up-conversion process involving SF
generation of two guided photons moving toward one another, pro-
vided that reciprocity applies. We then calculate the SF efficiency
𝜂ii′ = Nii′ ∕NiNi′ as the ratio of the number of emitted SF photons Nii′
to the number of incident photons Ni and Ni′ in both guided pulses.

The number of photons carried by a guided mode pulse with
field profile Ei(r, t) is expressed as

Ni =
1
ℏ𝜔i

∞

∫
−∞

dt
∫

d2R Si(r, t) ⋅ ẑ,

where we evaluate the flux carried by the Poynting vector Si(r, t) =
(c∕4𝜋)Ei(r, t) ×Hi(r, t) in the R plane. Inserting the fields given by
Eqs. (15) and (16) and integrating over time, we obtain

Ni =
cL

2
√
2𝜋|𝑣i|

1
ℏ𝜔i ∫

d2R Re
{
Ei,xH∗

i,y − Ei,yH∗
i,x

}
. (30)

Likewise, the number of photons produced in the far field via SF
generation from the radial component of the energy emanating from
the waveguide can be in turn obtained from the far-field Poynting
vector S∞ii′ (evaluated from the field in Eq. (28)) as

Nii′ =
1

ℏ𝜔ii′

∞

∫
−∞

dt
∫

dΩr̂ r2 R̂ ⋅ S∞ii′ (r, t)

=
√
𝜖hc

4𝜋2ℏ𝜔ii′ ∫
dΩr̂ (R̂ ⋅ r̂)

∞

∫
0

d𝜔 |
|fii′ (r̂, 𝜔)||

2
. (31)

In the derivation of the above expression, we have used the fact that
fii′ (r̂, 𝜔) ⋅ r̂ = 0 (i.e., the far field is transverse). For long pulses (see
Eq. (15)), only the first term in Eq. (24) (peaked around frequencies
𝜔 ∼ 𝜔ii′) contributes to fii′ (r̂, 𝜔) over the 𝜔 > 0 integral in Eq. (31),
and therefore, using Eqs. (23), (24), and (29), we can write

∞

∫
0

d𝜔 |
|fii′ (r̂, 𝜔)||

2 ≈ 2𝜋|𝜒̄ (2)|2Aii′

×
|
|
|
|
|
|
|
∫
R′<a

d2R′ g
(
r̂,R′

, 𝜔ii′
)
⋅ P̃ii′ (R′)

|
|
|
|
|
|
|

2

.

where

Aii′ =
1
2𝜋

∞

∫
0

d𝜔
|
|
|
|∫

dz′
∫

dt e−ikhzz′∕r ei𝜔t Sii′ (z′, t)
|
|
|
|

2

≈ 1
2𝜋

∞

∫
−∞

d𝜔
|
|
|
|∫

dz′
∫

dt e−ikhzz′∕r ei𝜔t Sii′ (z′, t)
|
|
|
|

2

=
∫

dt
|
|
|
|∫

dz′ e−ikhzz′∕r Sii′ (z′, t)
|
|
|
|

2
,

= 𝜋3∕2L3
2|𝑣i − 𝑣i′ |

e−(qi+qi′ −q)
2L2∕4
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with q =
(√
𝜖h𝜔ii′ ∕c

)
z∕r. Here, we have approximated 𝜔 by 𝜔ii′ in

g(r̂,R′
, 𝜔) and kh (because the incident pulses are long enough to be

considered narrowly peaked around their respective central frequen-
cies 𝜔i and 𝜔i′ ), extended the 𝜔 range of integration to nonresonant
negative values, used Plancharel’s theorem, and taken Sii′ (z′, t) from
Eq. (25) to analytically evaluate the remaining integrals. In addi-
tion, we can carry out the polar-angle integral in Eq. (31) by writing
dΩr̂ = d𝜑dq ×

(
c∕√𝜖h𝜔ii′

)
and considering that the pulse length L

is sufficiently large as to make Aii′ negligible outside the light cone
|q| <

√
𝜖h𝜔ii′ ∕c. This leads to

Nii′ =
2𝜋

∫
0

d𝜑Nii′ (𝜑) (32)

with

Nii′ (𝜑) = |𝜒̄ (2)|2
𝜋L2c2

2ℏ𝜔2
ii′ |𝑣i − 𝑣i′ |

(R̂ ⋅ r̂)

×
|
|
|
|
|
|
|
∫
R′<a

d2R′ g
(
r̂,R′

, 𝜔ii′
)
⋅ P̃ii′ (R′)

|
|
|
|
|
|
|

2

, (33)

where the direction r̂ is defined by the azimuthal angle 𝜑 and the
component qi + qi′ of the emitted light wave vector along the axis of
the cylindrical waveguide.

Finally, we specialize the above expressions to qi + qi′ = 0
(normal emission, for which R̂ ⋅ r̂ = 1) and evaluate the efficiency
𝜂ii′ = Nii′ ∕NiNi′ by using Eqs. (30), (32), and (33), from which we find
the result shown inEqs. (4) and (5),wherewehave explicitly indicated
the dependence of the far-field Green tensor

g(r̂,R′
, 𝜔) = g(𝜑− 𝜑′

,R′
, 𝜔) = k2

∑

m
i−mJm

(
k1R′)

× eim(𝜑−𝜑′)
[

tm,pp ẑ⊗ ẑ+ 1
2
∑

±
tm±1,ss φ̂⊗ (φ̂ ± iR̂)

]

(34)
on the difference of the azimuthal angles of r̂ and R′ in the {R̂, 𝜑̂, ẑ}
frame (see Supplementary Information).
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