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What we are going to talk about?

goal: we want to study QCD at finite baryon density

why?: we want to enrich and know more about QCD thermodynamics

problem: Finite density QCD cannot be efficiently studied on lattice due to the sign
problem: the determinant of the Dirac operator is not real

solution: 2-color QCD: no sign problem due to the pseudo-reality of the quark repre-
sentations
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What is the main novelty of our work?

OLD:

• 2-color QCD at fixed baryon charge for
general Nf [3]

• 2-color QCD at fixed baryon and isospin
charge for general Nf [4]

NEW [1]:

study of the 2-color QCD EFT at fixed baryon charge with the inclusion of the
topological term
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θ-angle physics

The analysis of vacuum structure in non-abelian gauge theories allows to add

Lθ = θ
g2

32π2
Fµν

a F̃aµν = θq(x) where q(x) is the topological charge (1)

• this term violates CP symmetry: strong CP problem

� What is its effect?

Due to chiral transformations, the CP violation depends on the more physical

θ̄ = θ − argdetM where M is the quark mass. (2)

The experiments give: θ̄ < 10−10
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In this presentation we will talk about

☼ 2-color QCD:
� From fondamental theory to EFT

☼ 2-color QCD and θ-angle:
� Vacuum structure

☼ Symmetry breaking pattern

☼ Solving the dynamics
� Ground State Energy

☼ Near-conformal 2-color QCD

☼ Charging near-conformal 2-color QCD

☼ Backup slides
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FROM FUNDAMENTAL THEORY TO
THE EFT
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From fondamental theory to EFT

QC2D Lagrangian in the Chirally Broken Phase

L = − 1

4g2
Ga

µνGµν
a +

Nf∑
f

i ψ̄fγ
µDµψf = − 1

4g2
Ga

µνGµν
a + iq†

Lσ̄
µDµqL + iq†

Rσ
µDµqR , (3)

When Nc = 2 the fundamental representation is pseudo-real (τ∗a = τT
a = −τ2τaτ2) and the

quantity q̃ = iσ2τ2q∗
R transforms as a left quark, thus

(qL, qR) → (q, q̃) ≡ QT .

The global symmetry group

U(Nf)L × U(Nf)R is enlarged to U(2Nf) ∼ SU(2Nf)× U(1)A .

Introducing a quark mass term

ψ̄ψ = q†
RqL + q†

LqR =
1

2
QTσ2τ2

(
0 1
−1 0

)
Q + h.c. (4)

the global group SU(2Nf) is further broken to Sp(2Nf).
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From fondamental theory to EFT

Two-color QCD Lagrangian for Nf Dirac fermions at the fundamental level:

L = − 1

4g2
Ga

µνGµν
a + iQ̄σ̄µ

[
∂µ − iGa

µ
τa

2

]
Q− 1

2
mqQTτ2EQ+ h.c. , (5)

Two-spinor field Q =

(
qL

iσ2τ2q∗
R

)
, Dirac mass E =

(
0 1
−1 0

)
⊗ 1Nf

In the Chirally broken phase, the Goldstones’ dynamics is described by the phenomenological
Lagrangian

Leff = ν2tr[∂µΣ∂µΣ†] + m2
πν

2tr[MΣ+M†Σ†] , M =

(
0 −1
1 0

)
⊗ 1Nf . (6)

where
Σ = eiΠ/ν , Π = πaTa , Ta = broken generators

and
Σ → UΣUT with U ∈ SU(2Nf) .
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From fondamental theory to EFT

Quantum Field Theories at fixed charge

Fixing a charge means to impose a constrain which breaks Lorentz invariance:

Q =

∫
dd−1x j0 = Q̄ ⇒ L̂ = L − µQ (7)

where µ is the chemical potential. In the present case the fixed baryon charge is associated to
the generator

B =
1

2

(
1 0
0 −1

)
⊗ 1Nf . (8)

At the fundamental level this can be done introducing a long derivative:

∂µ → ∂µ − iµBµ , Bµ = δ0µB (9)

which at the effective level means

∂µΣ → DµΣ = ∂µΣ− iµB[BµΣ+ ΣBµ] . (10)
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From fondamental theory to EFT

The charged Lagrangian results to be

Leff,µ = ν2tr[∂µΣ∂µΣ†] + 4iν2µBtr[BΣ†∂0Σ] + m2
πν

2tr[MΣ+M†Σ†]

+ 2ν2µ2
Btr[ ΣBΣ†B + B2] .

(11)

In the end we add the topological sector, which at the fundamental level is given by:

Lθ = θ
g2

32π2
Fµν

a F̃aµν = θq(x) . (12)

where the topological charge q(x) is related to the axial anomaly

∂µJµ
5 = 4Nfq(x) . (13)

At the effective level this corresponds to the term

Lθ = −aν2
(
θ − i

4
Tr{logΣ− logΣ†}

)2

. (14)
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Vacuum structure

The θ-angle physics of two-color QCD at fixed baryon charge

The complete Lagrangian for 2-color QCD at fixed baryon charge with global
symmetry SU(2Nf) [3] and the θ-angle [5, 6] is thus:

L = L∂π + Lmπ
+ Lµ + Lθ (15)

Lπ pions = ν2Tr{∂µΣ∂µΣ†}+ m2
πν

2Tr{MΣ+ M†Σ†}

Lµ baryon charge = 4µν2Tr{BΣ†∂0Σ}+ 2µ2ν2
[
Tr{ΣBTΣ†B}+ Tr{BB}

]
Lθ θ-angle = −aν2

(
θ − i

4
Tr{logΣ− logΣ†}

)2
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Vacuum structure

The θ-angle physics of two-color QCD at fixed baryon charge

The complete Lagrangian for 2-color QCD at fixed baryon charge with global
symmetry SU(2Nf) [3] and the θ-angle [5, 6] is thus:

L = L∂π + Lmπ
+ Lµ + Lθ (15)

Lπ pions = ν2Tr{∂µΣ∂µΣ†}+ m2
πν

2Tr{MΣ+ M†Σ†}

Lµ baryon charge = 4µν2Tr{BΣ†∂0Σ}+ 2µ2ν2
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Vacuum structure

The θ-angle physics of two-color QCD at fixed baryon charge
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Vacuum structure

The θ-angle physics of two-color QCD at fixed baryon charge

The complete Lagrangian for 2-color QCD at fixed baryon charge with global
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Vacuum structure

2-COLOR QCD AND θ-ANGLE:
VACUUM STRUCTURE
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Vacuum structure

Vacuum Structure

The vacuum configuration for the complete Lagrangian

L = L∂π + Lmπ
+ Lµ (16)

is given by the following ansatz

Σc =

(
0 1Nf

−1Nf 0

)
cosϕ+i

(
I 0
0 I

)
sinϕ where I =

(
0 −1Nf/2

1Nf/2 0

)
. (17)

We introduce the Witten variables αi to consider the ground state of

L = L∂π + Lmπ
+ Lµ + Lθ (18)

Σ0 = U(αi)Σc, U(αi) ≡ diag[e−iα1 , ..., e−iαNf , e−iα1 , ..., e−iαNf ] . (19)

each phase αi is an overall axial transformation for each left-right quark pair.
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SYMMETRY BREAKING PATTERN
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Pion kinetics, mass term and θ-angle
L = L∂π + Lmπ + Lθ (20)

Lπ pions’ kinetics = ν2Tr{∂µΣ∂µΣ†} (21)

Lπ pions’ mass term = m2
πν

2Tr{MΣ+ M†Σ†} (22)

Lθ θ-angle = −aν2
(
θ − i

4
Tr{logΣ− logΣ†}

)2

(23)

Σ0 = U(αi)Σc, Σc = ΣM =

(
0 1Nf

−1Nf 0

)
= −M (24)

U(2Nf) ∼ SU(2Nf)× U(1)A → Sp(2Nf) (explicit)

U(2Nf) ∼ SU(2Nf)× U(1)A  Sp(2Nf) (spontaneous)

#GBs = (2N2
f − Nf − 1) massless or quasi-massless (+1) S-massive particle (anomaly)

= 2N2
f − Nf.
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Pion kinetics, chemical potential and θ-angle

L = L∂π + Lµ + Lθ (25)

L∂π = ν2Tr{∂µΣ∂µΣ†}

Lµ baryon charge = 4µν2Tr{BΣ†∂0Σ}+ 2µ2ν2
[
Tr{ΣBTΣ†B}+ Tr{BB}

]
(26)

Lθ θ-angle = −aν2
(
θ − i

4
Tr{logΣ− logΣ†}

)2

(27)

Σ0 = U(αi)Σc, Σc = ΣM cosϕ+ iΣB sinϕ, ΣB =

(
J 0
0 J

)
; (28)

SU(2Nf)× U(1)A  Sp(2Nf) → SU(Nf)L × SU(Nf)R × U(1)B  Sp(Nf)L × Sp(Nf)R.

#GBs = (N2
f − Nf − 1) massless (+1) massive S-particle (+N2

f ) massive (∝ µ) = 2N2
f − Nf.
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Pion kinetics, mass term, chemical potential and θ-angle
L = L∂π + Lmπ + Lµ + Lθ (29)

L∂π + Lmπ = ν2Tr{∂µΣ∂µΣ†}+ m2
πν

2Tr{MΣ+ M†Σ†}

Lµ baryon charge = 4µν2Tr{BΣ†∂0Σ}+ 2µ2ν2
[
Tr{ΣBTΣ†B}+ Tr{BB}

]
(30)

Lθ θ-angle = −aν2

(
θ −

i
4

Tr{logΣ− logΣ†}
)2

(31)

• Superfluid transition ≡ Bose-Einstein (diquark) condensation → N2
f −Nf

2
massless GBs!
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Ground State Energy

GROUND STATE ENERGY
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Ground State Energy

EOMs for the Witten variables

The Lagrangian evaluated on the vacuum ansatz reads

Lθ[Σ0] = ν2
[
4m2

πX cosϕ+ 2µ2Nf sin2 ϕ− aθ̄2
]

(32)

where for later convenience we introduced

θ̄ = θ −
Nf∑
i

αi , X =

Nf∑
i

cosαi (33)

where θ̄ is the effective theta angle that enters physical observables
The equations of motion read

sinϕ

(
Nf cosϕ− m2

π

µ2
X
)

= 0 (34)

2m2
π sinαi cosϕ = aθ̄ , i = 1, ..,Nf (35)
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Ground State Energy

GSE: ground state energy

E = −ν2
[
4m2

πX − aθ̄2
]
, normal phase (36)

The superfluid phase is associated with diquark (baryon) condensation

E = −ν2

[
2

N2
f µ

4 + m4
πX2

Nfµ2
− aθ̄2

]
, superfluid phase

(
cosϕ =

m2
π

Nfµ2
X
)

. (37)

• θ = 0: X = Nf and the superfluid phase transition occurs at µ = mπ

• θ 6= 0: θ-dependence in both phases: the energy is minimized when X(normal
phase) and X2 (superfluid phase) is maximized
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Ground State Energy

Solutions of the EOM for Witten variables: normal phase
the Witten variables are related to θ by the well-known equation

2m2
π sinαi = aθ̄ = a

(
θ −

Nf∑
i

αi

)
(38)

For the general solution we must have for any θ̄ fixed sinαi = sinαj

We solve in powers of m2
π/a

At the leading order one needs to solve for θ̄ = 0 and the angles αi satisfy

αi =

{
π − α, i = 1, . . . , n
α, i = n + 1, . . . ,Nf

(39)

where α is the solution of the following modular equation

n(π − α) + (Nf − n)α = θ Mod 2π . (40)

� θ-angle physics of 2-color QCD
� Journal Club November 2023

� Alessandra D’Alise and Clelia Gambardella



2-color QCD: 2-color QCD and θ-angle: SBP Dynamics NC 2-color QCD Charging NC 2-color QCD References Backup slides

Ground State Energy

Periodicity of the solutions

The modulo comes from the fact that if a solution {αi} of eq.(38) is found, then it is
possible to build another solution as follows

α1(θ + 2π) = α1(θ) + 2π , αi(θ + 2π) = αi(θ) , i = 2, . . . ,Nf . (41)

Physics depends only on e−iαi : the dynamics is invariant under θ → θ + 2π

The solution of (40) is

α =
θ + (2k − n)π
(Nf − 2n)

, k = 0, . . . ,Nf − 2n − 1 , n = 0, ...,

[
Nf − 1

2

]
(42)

The range for k above emerges because for k ≥ Nf − 2n we repeat the solution for a
given n.
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Ground State Energy

More on the solutions

α =
θ + (2k − n)π
(Nf − 2n)

, k = 0, . . . ,Nf − 2n − 1 , n = 0, ...,

[
Nf − 1

2

]
(43)

the solutions with n 6= 0 spontaneously break Sp(2Nf) because of the different phases
for each flavour

the most general solution with n = 0 is

U(αi) = ei θ+2πk
Nf 12Nf (44)
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Ground State Energy

CP symmetry

CP is conserved when

θ̄ = θ −
Nf∑
i=1

αi = 0 (45)

this happens if: •θ = 0 •m2
π = 0

• θ = π the Lagrangian is CP invariant and we have X = cos
(

(2k+1)π
Nf

)
which is

maximized when k = 0 and k = Nf − 1, that is the vacua lie at [5]

U(αi) = e
iπ
Nf 12Nf , U(αi) = e−

iπ
Nf 12Nf (46)

The two solutions are related by a CP transformation U → U†

CP is spontaneously broken by the vacuum(Dashen phenomenon [7–10])
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Ground State Energy

Solutions of the EOM for Witten variables: superfluid phase

the EOM to solve in this case is

2m4
π

Nfµ2
X sinαi = a θ̄ , i = 1, . . . ,Nf (47)

and we solve in expansion of m4
π/(aµ2)

at leading order the solutions are the same of those for the normal phase

α =
θ + (2k − n)π
(Nf − 2n)

, k = 0, . . . ,Nf − 2n − 1 , n = 0, ...,

[
Nf − 1

2

]
(48)
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Ground State Energy

Nf = 2
at leading order (in m2

π/a or m4
π/(aµ)) the EOM is

α1 + α2 = θ + 2kπ sinα1 = sin (θ + 2kπ − α1) (49)

and has solutions

•{α1, α2} =

{
θ

2
,
θ

2

}
• {α1, α2} =

{
θ + 2π

2
,
θ + 2π

2

}
(50)

Normal phase

-Xi

-Xii

π

2
π

3π

2
2π

θ

-2

-1

1

2

the solutions cross at θ = π

Superfluid phase

-Xi
2

-Xii
2

π

2
π

3π

2
2π

θ

-4

-3

-2

-1

the energy is an analytic function of θ
� θ-angle physics of 2-color QCD
� Journal Club November 2023

� Alessandra D’Alise and Clelia Gambardella



2-color QCD: 2-color QCD and θ-angle: SBP Dynamics NC 2-color QCD Charging NC 2-color QCD References Backup slides

Ground State Energy

CP breaking Nf = 2

CP order parameter:
〈

FF̃
〉
∝ −∂E

∂θ
(51)

Normal phase
•spontaneous symmetry breaking:

π

2
π

3π

2
2π

θ

-4

-3

-2

-1

1

2

3

4

<FF
˜
>

•explicit breaking of CP symmetry:

θ̄ =
2m2

π

a
sin θ

2

θ=π
=

2m2
π

a
+O

(
m6

π

a3

)

Superfluid phase
•NO spontaneous symmetry breaking:

μ=5

μ=10

μ=15

π

2
π

3π

2
2π

θ

-0.05

0.05

<FF
˜
>

•NO explicit breaking of CP symmetry:

θ̄ =
m4

π

aµ2
sin θ

θ=π
= 0
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Ground State Energy

Nf = 2: more details
• θ = π the effective mass m2

π(θ) ∼ m2
π

∣∣cos
(
θ
2

)∣∣
vanishes up to correction of order

(
m2

π

a

)
• mass term disappears from the Lagrangian and
the global flavor symmetry is again SU(4)

• massless Goldstones when SU(4) Sp(4) [6]

there is no chiral symmetry restoration in the
fundamental Lagrangian: apparent paradox

solved by realising that SU(4) is still broken by
higher order mass terms in the effective Lagrangian
also for a → ∞ [5, 6]
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Ground State Energy
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� θ-angle physics of 2-color QCD
� Journal Club November 2023

� Alessandra D’Alise and Clelia Gambardella



2-color QCD: 2-color QCD and θ-angle: SBP Dynamics NC 2-color QCD Charging NC 2-color QCD References Backup slides

Ground State Energy

Nf = 2: more details
• θ = π the effective mass m2

π(θ) ∼ m2
π

∣∣cos
(
θ
2

)∣∣
vanishes up to correction of order

(
m2

π

a

)
• mass term disappears from the Lagrangian and
the global flavor symmetry is again SU(4)

• massless Goldstones when SU(4) Sp(4) [6]

there is no chiral symmetry restoration in the
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solved by realising that SU(4) is still broken by
higher order mass terms in the effective Lagrangian
also for a → ∞ [5, 6]
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Nf = 3

solutions: n = 0 =⇒ k = 0, 1, 2 and n = 1 =⇒ k = 0

i.
{

θ

3
,
θ

3
,
θ

3

}
, ii.

{
θ + 2π

3
,
θ + 2π

3
,
θ + 2π

3

}
, iii.

{
θ + 4π

3
,
θ + 4π

3
,
θ + 4π

3

}
, iv.

{
θ − π , θ − π , 2π − θ

}

Normal phase

π

2
π 3π

2
2π

θ

-3

-2

-1

1

2

3

-Xi

-Xii

-Xiii

-Xiv

the solutions i. and iii. cross at θ = π

Superfluid phase

π

2
π 3π

2
2π

θ

-8

-6

-4

-2

-X2i

-X2ii

-X2iii

-X2iv

the solutions i.,ii. and iii. cross at
θ = π/2, 3π/2
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Ground State Energy

CP breaking Nf = 3

Normal phase
•SSB of CP at θ = π:

π

2
π

3π

2
2π

θ

-3

-2

-1

1

2

3

<FF
˜
>

θ̄ =

√
3m2

π

a
−

m4
π√
3a2

−
m6

π

6
√
3a3

+

(
m8

π

a4

)
explicit breaking of CP symmetry

Superfluid phase
•NO SSB of CP at θ = π but at π/2, 3π/2:

μ=5

μ=10

μ=15

π

2
π

3π

2
2π

θ

-0.06

-0.04

-0.02

0.02

0.04

0.06

<FF
˜
>

θ̄ = 0

NO explicit breaking of CP symmetry

� two novel phase transitions at θ = π/2 and θ = 3π/2 in the superfluid phase
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Nf = 6

Solutions i-vi : α1 = α2, · · · = α6 =
θ + 2πk

6
, k = 0, . . . , 5

Solutions vii-ix : α1 = α2 = · · · = α5 =
θ − π + 2πk

4
, α6 = π − α1 , k = 0, . . . , 3

Solutions x-xii : α1 = α2 = · · · = α4 =
θ − 2π + 2πk

2
, α5 = α6 = π − α1, k = 0, 1 . (52)

π

2
π 3π

2
2π

θ

-35

-30

-25

-20

-15

-10

-5

-Xi

-Xiii

-X2i

-X2iii

• same energy dependence on θ in
both phases

• SSB of CP symmetry at θ = π

• explicit breaking of CP symmetry at
θ = π
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General Nf
Solutions of the EOMs are generally not periodic of 2π for θ

The periodicity condition can be satisfied only if at least two solutions cross. Consider

U = e−iα 12Nf (53)

and ask when two different solutions of the equation of motion can have the same
energy. This corresponds to requiring

cos
(
θ + 2πk1

Nf

)
= cos

(
θ + 2πk2

Nf

)
, normal phase (54)

cos2
(
θ + 2πk1

Nf

)
= cos2

(
θ + 2πk2

Nf

)
, superfluid phase (55)

• Both conditions are satisfied when k1 = − θ

π
− k2 + Nf

• near θ = 0 the ground state is k1 = 0
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θ-dependence of the energy [1, 5, 6]
Nf even

π

2
π

3π

2
2π

θ

Nf odd

π

2
π

3π

2
2π

θ

normal phase

0 ≤ cos θ
Nf

≤ π ≤ cos θ+2π(Nf−1)
Nf

≤ 2π

superfluid phase even Nf:

0 ≤ cos2 θ
Nf

≤ π ≤ cos2 θ+2π(Nf−1)
Nf

≤ 2π

superfluid phase odd Nf :

0 ≤ cos2 θ
Nf

≤ π
2 ≤ cos θ+(Nf−1)π

Nf
≤ 3π

2 ≤ cos2 θ−2π
Nf

≤ 2π
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Ground State Energy

θ-dependence of the energy [1, 5, 6]

two novel phase transitions at θ = π/2 and θ = 3π/2 in the
superfluid phase
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Take home messages
2-color QCD EFT at fixed baryon charge and global symmetry SU(2Nf) in the presence

of the θ-angle

normal phase: θ-dependence of the energy is the same for even and odd Nf

superfluid phase: the ground state energy has two minima for even Nf

and three new minima for odd Nf

Dashen’s phenomenon: it happens at π for even Nf

it happens at π
2 e a 3π

2 for odd Nf

lost of asymptotic freedom

conformal window

confinement and SB
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and three new minima for odd Nf
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Future directions and interesting investigations

Recently in [11] the authors discovered the breaking of the conformal bound for dense
QC2D by lattice calculations.

� Can we say more when including the physics of the θ-angle?

� Suggestions? Ideas?

Interesting similar results found for QCD at finite isospin [12, 13]

� θ-angle physics of 2-color QCD
� Journal Club November 2023

� Alessandra D’Alise and Clelia Gambardella



2-color QCD: 2-color QCD and θ-angle: SBP Dynamics NC 2-color QCD Charging NC 2-color QCD References Backup slides

Ground State Energy

Conformal Window

• IR dynamics of SU(N) theories
depends non-trivially on Nf and N

• In the conformal window the theory
features an IR fixed point

• Slightly below the lower edge the
physics is still partly controlled by the
fixed point: near-conformal dynamics
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SU(2) : walking [14, 15]

lost of asymptotic freedom

conformal window

confinement and SB
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SU(2) : walking [14, 15]

lost of asymptotic freedom

conformal window

confinement and SB

smooth approach
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Near conformal dynamics of the theory

EFT of 2-color QCD at fixed baryon charge with global symmetry SU(2Nf) [3] in the
presence of the θ-angle [5, 6]

L = Lπ + Lµ + Lθ (56)

• Step 1: L̃ = L̃π + L̃µ + L̃θ

• Step 2: x 7→ eαx =⇒ σ 7→ σ − α
f =⇒ Ok 7→ e(k−4)σf Ok

L̃π = e−2σfν2Tr{∂µΣ∂µΣ†}+ e−(3−γ)σfm2
πν

2Tr{MΣ+ M†Σ†}

L̃µ =e−2σf4µν2Tr{BΣ†∂0Σ} + 2µ2ν2
[
e−2σfTr{ΣBTΣ†B} + Tr{BB}

]
L̃θ =− e−4σfaν2

(
θ − i

4
Tr{logΣ− logΣ†}

)2

• Step 3: L̃ = L̃π + L̃µ + L̃θ + V(σ)
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Charging the conformal window at nonzero θ-angle [2]

Dilaton-EFT of 2-color QCD with global symmetry SU(2Nf) on non-trivial
background

L̃ = L̃π + L̃µ + L̃θ + V(σ) + L̃M (57)

M = R × S3
, V(σ) =

1

2
∂µσ∂

µ
σ e−2fσ −

m2
σ

16f2
(
4fσ + e−4fσ − 1

)
[16], L̃M = Λ0e−4fσ −

R2

12f2
e−2fσ

study of the ground state energy of the theory in the superfluid phase with
semiclassical methods [17]

state on the cylinder
in the superfluid phase

operator with large
global charge

approximate state/operator

EQ R= ∆Q [18]
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Superfluid Nf odd

We have the solution k1 = −k2 +
Nf
2

−
θ

π
which can be realized for

π
2

3π
2

θ0

α = θ

Nf
α = θ−π

Nf
+ π α = θ−2π

Nf
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CP breaking

• Note that when n 6= 0, the vacuum spontaneously breaks Sp(2Nf) because of the different
phases for each quark flavour.

• CP is preserved when θ̄ = 0. For equal mass quarks as considered here, this happens when
mπ = 0 or θ = 0.

• For θ = π the Lagrangian possess CP symmetry but in the normal phase the latter is
spontaneously broken by the vacuum
[Dashen:1970et,DiVecchia:2013swa,Gaiotto:2017tne,DiVecchia:2017xpu] , leading to a strong θ-dependence
near θ = π.
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Symmetry breaking pattern & Spectrum
SU(2Nf)× U(1)A

2N2
f −Nf
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SU(Nf)V×U(1)B
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ω
2
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πX2
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2
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f µ
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f µ
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2
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+ M2
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N2
f µ
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√(
N2

f µ
4 + 3m4
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)2
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f µ

2m4
πk2X2 , (59)
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Large charge setup

We will consider our system on a manifold M with volume V and curvature R such that the
underlying new scale of the theory is

ΛQ = (Q/V)1/3 (61)

where Q is the fixed baryon charge.
Concretely, we will take our manifold to be

M = R × Sd−1 (62)

such that we can consider an approximate state-operator correspondence that implies

∆Q = Ṽ1/3EQ , EQ = µQ − L (63)

where ∆Q is the scaling dimension of the lowest-lying operator with baryon charge Q, EQ is the
ground state energy on R × Sd−1 at fixed charge, Ṽ1/3 is the radius of Sd−1.
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Large charge expansion of the θ-angle physics

We double-expanded X first in γ and then also in 1/Q as follows

X = X0 + X1γ +
(
γ2
)
, Xk = Xk0 +

Xk1

Q2/3
+
(

Q−4/3
)

, for γ � 1

X = X0 + X1(1− γ) +
(
(1− γ)2

)
, Xk = Xk0 +

Xk1

Q4/3
+
(
Q−2

)
, for 1− γ � 1 .

where

X00 = Nf cos
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(
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(
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)
8 22/3π4/3a c2

4/3
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)
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EOMs
Evaluating the lagrangian (57) on the vacuum ansatz

Lθ,σ [Σ0, σ0] = −e−4fσ0

(
Λ4 − m2

σ

16f2

)
−

m2
σ

(
4fσ0 + e−4fσ0 − 1

)
16f2 − R e−2fσ

12f2 +

+ 4m2
πν

2X cosϕ e−fσ0y + 2µ2Nfν
2e−2fσ0 sin2 ϕ− aν2e−4fσ0 θ̄2 ,

(64)

where

θ̄ ≡ θ −
Nf∑
i

αi , X ≡
Nf∑
i

cosαi , Λ4 ≡ Λ4
0 +

m2
σ

16f2 . (65)

The respective equations of motion are

Nfµ
2e−2fσ cosϕ− m2

πXe−fσy = 0 (66)

ae−4fσ θ̄ − 2m2
π sinαi cosϕe−fσy = 0 , i = 1, ..,Nf (67)
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Q
V . (69)
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∆Q
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6c4

4/3
Nf

−
c2/3
2

(
ρ

2π2Q

)2/3


×
(

9m2
π

32πν

)2 (
1

2π2ρ

)4/3

log Q −
16

9
π
2c2/3ν

2Nfm2
σ

(
1

2π2ρ

)4/3

log Q

• (1− γ) � 1

∆Q

∆∗
Q

= 1 −
(

9m4
π

64c4
4/3

(1 − γ) cos2
(

θ + 2πk
Nf

)
+

16

9
π
2c2/3ν

2Nfm2
σ

)(
1

2π2ρ

)4/3

log Q
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Spectrum

SU(2Nf)× U(1)A
2N2

f −Nf
 Sp(2Nf) −→ SU(Nf)V × U(1)B

N2
f −Nf
2 Sp(Nf)V (70)

Having in mind the hierarchy of scales m �
√

a ≤ µ� 4πν, we focus on the spectrum of
light modes

• 1
2
Nf(Nf − 1) massless Goldstones: +• of Sp(Nf)

• 1 pseudo-Goldstone • of Sp(Nf) with mass ∝
√

a

the spectrum changes when (near)conformal
dynamics is realized through the dilaton dressing

we expand around the vacuum solution as follows

Σ = eiΩΣ0eiΩt
where Ω =

(
π 0
0 −πt

)
+ β̃S

(
1Nf 0
0 1Nf

)
, β̃ ≡

1
√
2Nf

, π =

dim U(Nf)
Sp(Nf)∑

a=0

πaTa
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Spectrum

L̃
4ν2 sin2 ϕ e−2σ0f =

(
π0 σ̂ S

)
D−1

 π0

σ̂
S

+

dim
( )∑

a=1

∂µπa∂µπ
a (71)

with the inverse propagator D−1 defined as

D−1 =

 ω2 − k2 iωµf
√
2Nf 0

−iωµf
√
2Nf

ω2−k2

8ν2 sin2 ϕ
− M2

σ
1
2

Iσ̂s

0 1
2

Iσ̂s

(
ω2−k2

)
sin2 ϕ

− M2
s

 , Iσ̂S =

√
2fµ2m4

π

√
NfXyZ

m4
πX2 − µ4N2

f e2fσ0(y−2)

(72)

where Z ≡
∑Nf

i=1 sinαi and the Lagrangian masses for the dilaton-field and the S mode are given
by

M2
σ = −

f2µ2Nfe−6fσ0
(
ν2m4

πX2
(
y2 − 2

)
e6fσ0 + 2µ4ν2N2

f e2fσ0(y+1) − 4Λ4µ2Nfe2fσ0y)
2ν2

(
µ4N2

f e2fσ0(y−2) − m4
πX2

) (73)

M2
S =

aµ4N3
f e2fσ0(y−1) + 2µ2m4

πX2e4fσ0

2µ4N2
f e2fσ0y − 2m4

πX2e4fσ0
. (74)
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Spectrum

conformal in-
variance dictates
the existence of
a massless mode
with speed vG =

1√
d−1

= 1√
3

[19]

mixing between
the singlet mode
π0 with the dilaton

change π0 ve-
locity from

vG = 1 → vG = 1√
3

In the large-charge limit, the above reduces to

γ � 1 : ω2 = k
[

1
√
3
+

√
3 X00

2

(2π2)2/3 c5
4/3

N3
f

(
9m2

π

128πν

)2 (V
Q

)2/3

+ . . .

]
+O

(
k2
)

(1− γ) � 1 : ω2 = k
[

1
√
3
+ 1

(
25/3c2/3ν2m2

σ

3
√
3π2/3

+
9
√
3m4

πX00
2

128
3
√
2π8/3c4

4/3
N2

f

)(
V
Q

)4/3

+ . . .

]
+O

(
k2
)
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Axion
We denote by νPQ the scale of U(1)PQ spontaneous symmetry breaking and by aPQ the coefficient
of the U(1)PQ anomalous term.

Lâ = ν2Tr{∂µΣ∂µΣ†}+ ν2
PQ∂µN∂µN† + 4µν2Tr{BΣ†∂0Σ}+ m2

πν
2Tr{MΣ+ M†Σ†}

+ 2µ2ν2
[
Tr{ΣBTΣ†B}+ Tr{BB}

]
− aν2

(
θ −

i
4

Tr{logΣ− logΣ†} −
i
4

aPQ(log N − log N†)

)2

.

(75)

SU(2Nf)× U(1)A × U(1)PQ
2N2

f −Nf+1
 Sp(2Nf)

SU(Nf)V×U(1)B

µ

Sp(Nf)V

N2
f −Nf
2

superfluid phase

m, a, aPQ

D−1 =

 ω2−k2

sin2 ϕ
− M2

S − a
√

NfaPQ

4
√
2νPQ sin2 ϕ

− a
√

NfaPQ

4
√
2νPQ sin2 ϕ

ω2−k2

4ν2 sin2 ϕ
− M2

â

 ,

(76)

where

M2
S =

(
aµ4Nf + 2µ2m4

π

)
2µ4 − 2m4

π

(77)

M2
â =

aµ4a2
PQ

16ν2PQ (µ4 − m4
π)

. (78)
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