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Information Geowmetry

Probability distribution on a discrete set V

p:V — [O, 1] such that Z p(X) =1
Xev

Example: (faire) dice
7-{(),6,(),69,69, B3 } = (123450

with the map

p@ =3, pE) =3 p@) =5
PEd) = 5 PE) =5, P@ = 3



Allow probabilities to depend on (cont.) parameters (¢',...,¢%) e ECR?

p: Vx=—10,1] such that Zp(X,f)zl VE e =
Xev
Example: loaded dice
&

shift center of mass of the dice by a vector

fﬂ _________ .e €:(€17£27§3) GRS

»
&1

Changes probabilities in a non-trivial fashion:

p(@.8) =pi(§). P& =p208), p@,E) =ps3(§),
PEd,€) =pa(&), PE,E) =ps(€), PE@,E) = ps(é)

which still satisfy p1(§) +p2(&) +p3(&) +pa(€) +ps (&) +ps(§) =1




[Fisher 1922]

Fisher information metric [Fa 1945]

[Jeffreys 1946]

5, O
359 : = 3 (551080, 6)) (55 owp(X.€)) (X, Vi (L. ...a)
XeV
defines the metric of a Riemannian manifold [Amari, Nagaoka 2020]

Fisher-Rao distance: d(&1,¢2) /dT\/ﬁz 2 9 (€

geodesic &.: [0,1] — =

with £.(0) = &1 and &(1) = &

special case: 1 dimensionand = =R

\/gtt t/ dt

log p(X, 1)\ "
gt (t) = Z <8 L 7t)> p(X,t)  and d(t1,t2) =

ot
Xev




Towards Pynawmics

Ologp(X,t °
Jtt (t) — Z ( gp( )> p(X, t) interpret ¢ € R as time variable
Xev

Resolve normalisation condition (denote cardinality of V by N + 1)

pz(t)zxz(t) Vi € {1,,N}

N
pri1(t) =1 =) x(t)
1=1
Fisher metric depends on time derivatives z;(?)

N .
N (1 — Zj;éz' xj) a:‘f T4
gtt = Z

I
N B N
i=1 Ly (1 — ijl xj) 1<i<j<N 1 Zkzl Lk




N X
— . . L] L]
A (1 E:j;éi x]) L T T

N N
i=1 Lj (1 — ijl %‘) 1<i<j<N 1 Zk:l Lk

Can be simplified in certain cases, e.g.:

‘one probability is strongly growing

!iﬂ > ]w\ ~0 VYic {2 N} at the expense of another’
(] 7

N
define: Z x;(t) ~ 1 — a = const.
i=2

In this case the expression for the metric simplifies

flo - ”EZ;).> ot = o

gtt :131(04 — 5171)



32

- O(21)

git — z&:l((a — $1) |

Can be resolved to give a flow equation for 1(¢)

d
ﬂ ~ ::\/gtt T (1 — ﬂ) for T1 € [0,0é]

dt Q

A priori only a re-writing of the definition of g+

Time dependence of metric in principle encodes dynamics of x1

Is it possible to re-write g:+ as a function of 17



First Example: Lotka-Volterra Equation

Describes the time-evolution of a population of predators and prey

4

e

Predators eat prey
prey < predators
&1(1) &2(1)
- have unlimited resources - require prey for survival
- limited only through the pressure by the predators (exponential decline in absence of prey)

(exponential growth in absence of predators)

Coupled differential equations: Voltora 1926
d
gzalfl_b1€1§2a a1,2,b1,2 € Ry
at with
, - y B
“e2 _ b (and initial conditions &1 2(t = 0))
g az §2 + b2 &1 &2,

L d
Total population in general not conserved: E(& + &) # 0



Two fixed points such that

(61752):::(070)

d&1,2

= (
dt

and

(€1,82) = (%fW'%f

Away from these fixed points: periodic solutions
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Introduce probability distribution

0.4

03}

0.2+

0.1

P1

P2 =

:§1+§2 =
&
_§1+52_1 v
RN
/N
\\

with
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r: R—[0,1]

single degree of freedom
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E1&2(a1 + ag — ba&y — b1&2)?

ger = (O log(pl))2P1 + (O 10%(192))2192 =

(&1 + &2)7
0.0025
N
0.0020 / i’*.g
| [
0.0015 / ~~ Illg' \
0.0010 J \‘m f /
N \ /
0.0005 | “‘ \

U

Z \ ,.-/ \\ Vs
oo I\'«.u"f ' I vl \\_// I
0 10 ‘ / 40

Zeroes of the metric correspond to extrema of X

Metric is a function of time: re-write it in terms of X:

1l —x

gt = (a1 + asx — (b1 (1 — x) + bgzc)Q

X

requires solving the dynamics of the system /




d
%:alfl—blfl&,

dés
dit

Integrating the equations gives an algebraic equation:

= —ag & + 0281 &o,

1l —=x 1l —=x
<52+b1 )fl—(CLl—FaQ) 108551—&1108;( ) = L

fixed by initial conditions:

L = b3£1(0) — azlog &1 (0) + b1£2(0) — ay log&2(0)

{1 =— (i ta)r _e_ali” (43%) 72 (b1(1 — z) + box)
: z(a1 + az)

.
/

Lambert function with 2 real branches
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Fisher information metric as function of x

ol |

e aliGQ (1__x)_a1+a2 (bl(l _ ZC) + b2x)

g = (a1 +a2)’z (1 —2) |1+ W | —

z(ay + as)

ot

R Two branches:
| dx
0.0015 .
— L growing: — >0
: | | dt
0.001(]: d
0.0005 —— X declining: yn <0
\015 y |
both branches meet at the same zeroes 1 2 periodicity

which are solutions of

a aj

2
1 — a1+as 1 — ~ ajtag L
n(555) T (7)) T s et

X T




Metric can be very well approximated by

gu(z) = a(z — x1)! (x2 — 2)

suitable fitting parameters

\C

Vo € |x1, 9]

Simple example: a1 = a2 =0 =by =1

gt ~ 4K (x — xl)d

K
0

dy/db0 ’
N L

(x2 — z)°

1
1,2 = 5 (1

‘50

‘on
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Second Example: SIR(S) Model

Oldest mathematical models in epidemiology [Ross, Hudson 1917

[Kermack, McKendrick 1927]

group members of the population into compartments

@) Susceptible: not infectious; can become infectious
S(t) If in contact with the pathogen

Removed: can neither be infected themselves, nor infect
other individuals

Infectious: infected with the pathogen; can actively
transmit the pathogen to a susceptible
individual

Population conserved: (S+IT+R)(t) =1 Vi e R



Equations for the time evolution of the number of individuals:

rate at which individuals become susceptible again

C (const.)

infection rate removal rate

Y (const.) O (const.)
dS al dR
— =—51+4+CR — =~51—o0l i
dt dt dt
3 (2 3 {2 B 8 ' (3
10 \\ 1 1 2 2 3 l 1.0 . \ ! -
08 R 08 \
\ yan . +R ! S
0.6 S 06 I
X X R
0.4 S S - 0.4 , + 4R
0.2 S 02 \\\
| £=0.2 N 7=0




Different ways to define probability distributions:

Py (t) = S(1)
p 11,23V xR — [0,1]  with pV(t) = I(t) (#)

ps” (t) = R(t)

p(2)(t) _
1
p® : {1,2} x R — [0,1] with
2) () —

Py (¢)
| Py (t) =
.'j p): {1,2} x R — [0, 1] with 3 _
| Py (¢)

Probability distributions with only one degree of freedom



p? = (1) @ + &) = (6. @)

Fisher information metric:

2 2 2
(2) 1 S 1 ’YS—O'

Single degree of freedom:
@B o000

initial conditions
rg = x(t = 0)

— 0} €T T
[:x+zlog<1 aj\ S:——W(—ﬂe_%)
].—SEO/ Y O

z(t) = (I + R)(

Resolve dynamics:

two real branches (two solutions)

Metric as a function of x

2 _l-u -2 \\" 3) -2 Toy o1\ 2
Jee ' = — xy + o log 9y () = a (1‘|‘W(_—€ "))

1—580



2
ggt

dashed lines correspond to approximations
gie(x) = a(z — 21)° (v2 — x)°

Generalisationto ¢ >0
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Commwmon Features of all Examples

For systems with single degree of freedom x=(t)

* real zeroes of the metric correspond to extrema of z(¢)

* Jit described piecewise between two consecutive extrema of z(t)

it — CL(CIZ' — CCl)b(.CIZ‘Q — CIZ‘)C

for 0<zxzi<x<z9y<1

(imaginary zeroes possible in more complicated systems,
e.g. SIR(S) model with multiple pathogens)

* branches of the metric can be glued together along the zeroes



Inverse Problem

Assume that the Fisher metric for a 1-dimensional system is

a & R+
L) —=a\xl —XT Lo — X f
git(x) = a( 1)(T2 — ) or 0< 31 <7< 5n <1
sign =1
_ dx
and solve the flow equation  —- = kv g (1 — )
For 0 < z1 < 2 < 1direct integration (initial condition: xz(to) = xo )
Definition:
2ir (F(u(x),m) — Fu(zo), m)) A -
t — 1t = Jacobi elliptic function first kind
\/CL(l T ':El)':l32 sn(u, k?) = 05(0,7) 61(u/03(0,7),7)

~ 02(0,7) O4(u/02(0,7),7T) in2 -

. X t with argumen =
inverted for z(t) nargument k= g




- - I S1 ifi(t——to) a — X1)To — u\xo),m),mm i
use the solution to describe ;) _ (5 Val = a0)es — F(u(ao),m), m)

: : . : 1— n (lizto) 1— — F , M), 2
piecewise time evolution: o1+ asn (5 Va{l =222 = Flu(ao),m), m)

(i) monotonic time evolution:

‘I
005 /

t—t0:i10g<x(1_xo)> takes t = oo forx = 0or x — 1

Vva ro(l — x)

logistic function
ZBO 6\/5 K/(t—to) 0.6 //'//

r(t) =
(t) 1 — xg + xg eVar(t—to)




(11) periodic time evolution

a1 (x —x1)(xg —x) for &%
gtt = do

as (x — x1)(xe — ) o

periodic solution for x(t)

2yar + ag) K (255 )

— >0,
for £ <0

periodicity: T =

\/a1a2(1 — 5131)5132

ai,a0 € Ry
with

O<z <x<x9 <1

Ot

0.14

012+

0.10

0.08 +

0.06

0.0d |

0.02

Definition:

complete elliptic integral of first kind

i =553 (St )

n=0



(i) oscillating time evolution

{z1(n)}nen- and 1z2(n) bnen+ convergent series with
0 < xl(n) < 371(72 -+ 1) < CEQ(TL—I— 1) 1 ZCQ(R) <1 then

( aq (az—xl(n))(xg(n) —.CC) for % >()7 . ai,d2 c R_|_
git(n) = o with
- az (z —z1(n))(x2(n) —x) for TF <0 O<zi<x<122<1
oscillating solution of the form
p ‘012 - 013. ‘.04@‘ 7 ‘




Conclusions

* simple models in epidemiology/population dynamics in terms of
probability distributions

* in certain scenarios dynamics re-formulated in terms of the
Fisher information metric

* universal features across different models (Lotka-Volterra,
compartmental models)

* re-organisation around zeroes of the metric

Outlook

* more general models with more degrees of freedom

* include further elements of information theory/geometry



