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Information Geometry
Probability distribution on a discrete set 

<latexit sha1_base64="M00KnDyYFnB/x60r8FwYsA8PBq8=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXpcyIVHFVdOOygn3AzFAyaWYamkmGJKOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLrn3BAmjStv2t7W0vLK6tl7aKG9ube/sVvb2O0qkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB6Dr3u/dEKir4nR4nxI9RxGlIMdJG6leqyaVX82Kkh0GQdSYeEzySNBpqJKV4gK5dc3yTsuv2FHCROAWpggKtfuXLGwicxoRrzJBSrmMn2s+Q1BQzMil7qSIJwiMUEddQjmKi/Gx6zAQeG2UAQyHN4xpO1d8TGYqVGseBSeZrq3kvF//z3FSHF35GeZJqwvHsozBlUAuYNwMHVBKs2dgQhCU1u0I8RBJhbformxKc+ZMXSee07jTqjduzavOqqKMEDsEROAEOOAdNcANaoA0weATP4BW8WU/Wi/VufcyiS1YxcwD+wPr8ATgOmxg=</latexit>

p : V �! [0, 1] such that 
<latexit sha1_base64="z5+OY5bH8ujSjHGbr8ddpx5BnZE=">AAACBXicbVBNS8NAEN34WetX1KMeFotQLyURqV6EohePFWwbaELYbDft0s0m7G6EEnLx4l/x4kERr/4Hb/4bN20O2vpg4PHeDDPzgoRRqSzr21haXlldW69sVDe3tnd2zb39roxTgUkHxywWToAkYZSTjqKKEScRBEUBI71gfFP4vQciJI35vZokxIvQkNOQYqS05JtHrkwjP3Ncyt0IqVEQZN08h0ndOb2yfbNmNawp4CKxS1IDJdq++eUOYpxGhCvMkJR920qUlyGhKGYkr7qpJAnCYzQkfU05ioj0sukXOTzRygCGsdDFFZyqvycyFEk5iQLdWVwq571C/M/rpyq89DLKk1QRjmeLwpRBFcMiEjiggmDFJpogLKi+FeIREggrHVxVh2DPv7xIumcNu9lo3p3XWtdlHBVwCI5BHdjgArTALWiDDsDgETyDV/BmPBkvxrvxMWtdMsqZA/AHxucP0NmYIA==</latexit> X

X2V
p(X) = 1

<latexit sha1_base64="85FERsSTpRApHcB6WSd9y39+DrA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2Q8mkt21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knNPEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28HkNvPbT6g0j+SDmcboh3Qk+ZAzaqz02AupGQdB2pr1yxW36s5BVomXkwrkaPTLX71BxJIQpWGCat313Nj4KVWGM4GzUi/RGFM2oSPsWippiNpP54ln5MwqAzKMlH3SkLn6eyOlodbTMLCTWUK97GXif143McNrP+UyTgxKtvhomAhiIpKdTwZcITNiagllitushI2poszYkkq2BG/55FXSuqh6tWrt/rJSv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDxwWRAQ==</latexit>V

Example: (faire) dice

<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{ <latexit sha1_base64="UfJmbmrxscOu9Pz5aQfoaQcAN2s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3abjLs=</latexit>, <latexit sha1_base64="UfJmbmrxscOu9Pz5aQfoaQcAN2s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3abjLs=</latexit>, <latexit sha1_base64="UfJmbmrxscOu9Pz5aQfoaQcAN2s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3abjLs=</latexit>, <latexit sha1_base64="UfJmbmrxscOu9Pz5aQfoaQcAN2s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3abjLs=</latexit>, <latexit sha1_base64="UfJmbmrxscOu9Pz5aQfoaQcAN2s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3abjLs=</latexit>,
<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{<latexit sha1_base64="hUCD6cxP/oP63Xri84ZdSvO/HTc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVDdC0Y3LCvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5C73u09UaSbFo5kmNIjxSLCIEWys5PdjbMZhmHVmN4Nqza27c6BV4hWkBgVag+pXfyhJGlNhCMda+56bmCDDyjDC6azSTzVNMJngEfUtFTimOsjmkWfozCpDFEllnzBorv7eyHCs9TQO7WQeUS97ufif56cmug4yJpLUUEEWH0UpR0ai/H40ZIoSw6eWYKKYzYrIGCtMjG2pYkvwlk9eJZ2LuteoNx4ua83boo4ynMApnIMHV9CEe2hBGwhIeIZXeHOM8+K8Ox+L0ZJT7BzDHzifP0yWkUg=</latexit>V =
<latexit sha1_base64="VRJISGdfcB4D0hSSrKNhcwmY8Fs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPISS1Fo9Fr14rGBroQlls920Sze7YXcjlFDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlhwqjSrvttFVZW19Y3ipulre2d3T17/6CtRCoxaWHBhOyESBFGOWlpqhnpJJKgOGTkIRzdTP2HRyIVFfxejxMSxGjAaUQx0kbq2Uc+FnwA/cxzqs65U3MunLo/6dllt+LOAJeJl5MyyNHs2V9+X+A0JlxjhpTqem6igwxJTTEjk5KfKpIgPEID0jWUo5ioIJudP4GnRunDSEhTXMOZ+nsiQ7FS4zg0nTHSQ7XoTcX/vG6qo6sgozxJNeF4vihKGdQCTrOAfSoJ1mxsCMKSmlshHiKJsDaJlUwI3uLLy6RdrXj1Sv2uVm5c53EUwTE4AWfAA5egAW5BE7QABhl4Bq/gzXqyXqx362PeWrDymUPwB9bnD73Wk2w=</latexit>⇠= {1, 2, 3, 4, 5, 6}

with the map
<latexit sha1_base64="gfRgDY31IMo/lbyU3T34jrAjrmc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoUEJSpLoRim5cVrAPaEKZTCft0JkkzEyEErJ246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe48eMSmXb30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxxzdTv/NAhKRReK8mMfE4GoY0oBgpLfXN47jijmSMMEltq4Z5dnblqkAgnDpZWs/carVvlm3LngEuEycnZZCj2Te/3EGEE05ChRmSsufYsfJSJBTFjGQlN5FELxyjIelpGiJOpJfOXsngqVYGMIiErlDBmfp7IkVcygn3dSdHaiQXvan4n9dLVHDppTSME0VCPF8UJAyqCE5zgQMqCFZsognCgupbIR4hHYTS6ZV0CM7iy8ukXbOculW/Oy83rvM4iuAInIAKcMAFaIBb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w+mKJmd</latexit>

p( ) = 1
6 ,

<latexit sha1_base64="gfRgDY31IMo/lbyU3T34jrAjrmc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoUEJSpLoRim5cVrAPaEKZTCft0JkkzEyEErJ246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe48eMSmXb30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxxzdTv/NAhKRReK8mMfE4GoY0oBgpLfXN47jijmSMMEltq4Z5dnblqkAgnDpZWs/carVvlm3LngEuEycnZZCj2Te/3EGEE05ChRmSsufYsfJSJBTFjGQlN5FELxyjIelpGiJOpJfOXsngqVYGMIiErlDBmfp7IkVcygn3dSdHaiQXvan4n9dLVHDppTSME0VCPF8UJAyqCE5zgQMqCFZsognCgupbIR4hHYTS6ZV0CM7iy8ukXbOculW/Oy83rvM4iuAInIAKcMAFaIBb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w+mKJmd</latexit>

p( ) = 1
6 ,

<latexit sha1_base64="gfRgDY31IMo/lbyU3T34jrAjrmc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoUEJSpLoRim5cVrAPaEKZTCft0JkkzEyEErJ246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe48eMSmXb30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxxzdTv/NAhKRReK8mMfE4GoY0oBgpLfXN47jijmSMMEltq4Z5dnblqkAgnDpZWs/carVvlm3LngEuEycnZZCj2Te/3EGEE05ChRmSsufYsfJSJBTFjGQlN5FELxyjIelpGiJOpJfOXsngqVYGMIiErlDBmfp7IkVcygn3dSdHaiQXvan4n9dLVHDppTSME0VCPF8UJAyqCE5zgQMqCFZsognCgupbIR4hHYTS6ZV0CM7iy8ukXbOculW/Oy83rvM4iuAInIAKcMAFaIBb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w+mKJmd</latexit>

p( ) = 1
6 ,

<latexit sha1_base64="gfRgDY31IMo/lbyU3T34jrAjrmc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoUEJSpLoRim5cVrAPaEKZTCft0JkkzEyEErJ246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe48eMSmXb30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxxzdTv/NAhKRReK8mMfE4GoY0oBgpLfXN47jijmSMMEltq4Z5dnblqkAgnDpZWs/carVvlm3LngEuEycnZZCj2Te/3EGEE05ChRmSsufYsfJSJBTFjGQlN5FELxyjIelpGiJOpJfOXsngqVYGMIiErlDBmfp7IkVcygn3dSdHaiQXvan4n9dLVHDppTSME0VCPF8UJAyqCE5zgQMqCFZsognCgupbIR4hHYTS6ZV0CM7iy8ukXbOculW/Oy83rvM4iuAInIAKcMAFaIBb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w+mKJmd</latexit>

p( ) = 1
6 ,

<latexit sha1_base64="gfRgDY31IMo/lbyU3T34jrAjrmc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoUEJSpLoRim5cVrAPaEKZTCft0JkkzEyEErJ246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe48eMSmXb30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxxzdTv/NAhKRReK8mMfE4GoY0oBgpLfXN47jijmSMMEltq4Z5dnblqkAgnDpZWs/carVvlm3LngEuEycnZZCj2Te/3EGEE05ChRmSsufYsfJSJBTFjGQlN5FELxyjIelpGiJOpJfOXsngqVYGMIiErlDBmfp7IkVcygn3dSdHaiQXvan4n9dLVHDppTSME0VCPF8UJAyqCE5zgQMqCFZsognCgupbIR4hHYTS6ZV0CM7iy8ukXbOculW/Oy83rvM4iuAInIAKcMAFaIBb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w+mKJmd</latexit>

p( ) = 1
6 ,

<latexit sha1_base64="F5epXtPXYkWyK5jPZ6nnbm6cTp0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyUpUt0IRTcuK9gHNKFMppN26MwkzEyEErJz46+4caGIW3/BnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhZXVtfaO4Wdra3tnds/cP2ipKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkE45up33kgUtFI3OtJTHyOhoKGFCNtpL59HFe8kYoRJqlTrWGenV15OpQIp26W1rO+XXaqzgxwmbg5KYMczb795Q0inHAiNGZIqZ7rxNpPkdQUM5KVvEQRs22MhqRnqECcKD+d/ZHBU6MMYBhJU0LDmfp7IkVcqQkPTCdHeqQWvan4n9dLdHjpp1TEiSYCzxeFCYM6gtNQ4IBKgjWbGIKwpOZWiEfIpKBNdCUTgrv48jJp16puvVq/Oy83rvM4iuAInIAKcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w8D7ZjL</latexit>

p( ) = 1
6



Allow probabilities to depend on (cont.) parameters 

such that 

Example: loaded dice

<latexit sha1_base64="C9zKuYj2Xr6KLvlglzEmoyt3u5A=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUqCURqS6LblxWsQ9o2jKZTNuhk0mYuRFL6Fe48VfcuFDErbjzb5y0XWjrgYEz59zLvfd4EWcKbPvbyCwtr6yuZddzG5tb2zvm7l5dhbEktEZCHsqmhxXlTNAaMOC0GUmKA4/Thje8Sv3GPZWKheIORhFtB7gvWI8RDFrqmicF94F1nKLL/RBUMf34xy4TbpO5KvYUBTfAMPC85Hbc8btm3i7ZE1iLxJmRPJqh2jW/XD8kcUAFEI6Vajl2BO0ES2CE03HOjRWNMBniPm1pKnBAVTuZnDW2jrTiW71Q6ifAmqi/OxIcKDUKPF2Z7qjmvVT8z2vF0LtoJ0xEMVBBpoN6MbcgtNKMLJ9JSoCPNMFEMr2rRQZYYgI6yZwOwZk/eZHUT0tOuVS+OctXLmdxZNEBOkQF5KBzVEHXqIpqiKBH9Ixe0ZvxZLwY78bHtDRjzHr20R8Ynz9QUp+G</latexit>

(⇠1, . . . , ⇠d) 2 ⌅ ⇢ Rd

<latexit sha1_base64="1MHV9+PyRi8hXwTOjbWBe8EjwUs=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4qGVGpIqrohuXFewDOkPJpGkbmkmG5I5Shn6FG3/FjQtF3Io7/8b0sdDWA4HDOfdyc04YC27Adb+dzNLyyupadj23sbm1vZPf3asblWjKalQJpZshMUxwyWrAQbBmrBmJQsEa4eB67DfumTZcyTsYxiyISE/yLqcErNTOn8SXftGPCPTDMK2PfOARM9hvcl8o2dO81weitXrALbfoBe18wS25E+BF4s1IAc1Qbee//I6iScQkUEGMaXluDEFKNHAq2CjnJ4bFhA5Ij7UslcReD9JJrBE+skoHd5W2TwKeqL83UhIZM4xCOzkOYOa9sfif10qgexGkXMYJMEmnh7qJwKDwuCPc4ZpREENLCNXc/hXTPtGEgm0yZ0vw5iMvkvppySuXyrdnhcrVrI4sOkCH6Bh56BxV0A2qohqi6BE9o1f05jw5L8678zEdzTiznX30B87nD+m8nzc=</latexit>

p : V⇥ ⌅ �! [0, 1]
<latexit sha1_base64="uZsv7AxH9eho8JL1JhCjSjmmnTk="></latexit> X

X2V
p(X, ⇠) = 1 8⇠ 2 ⌅

<latexit sha1_base64="aS2MDYdazg68Q5k5CnDjZ+GVeJg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsbsRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/Nbj6g0T+SDGacYxHQgecQZNVbyu0+85/XKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPhnGOhA==</latexit>

⇠1

<latexit sha1_base64="+WqbOFg274pUSTQ+5m2/dpsUNJ4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMF0xbaUDbbSbt0swm7G7GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfmtR1SaJ/LBjFMMYjqQPOKMGiv53Sfeq/ZKZbfizkFWiZeTMuRo9Epf3X7CshilYYJq3fHc1AQTqgxnAqfFbqYxpWxEB9ixVNIYdTCZHzsl51bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lO0IXjLL6+SZrXi1Sq1+8ty/SaPowCncAYX4MEV1OEOGuADAw7P8ApvjnRenHfnY9G65uQzJ/AHzucPh/WOhQ==</latexit>

⇠2

<latexit sha1_base64="wJwjMcK18n/MRgCEl0DeQr8DLiU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolK9Vj04rGCaQttKJvtpF262YTdjVhKf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTv3mIyrNE/lgRikGMe1LHnFGjZX8zhPvXnRLZbfizkCWiZeTMuSod0tfnV7CshilYYJq3fbc1ARjqgxnAifFTqYxpWxI+9i2VNIYdTCeHTshp1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYmugzGXaWZQsvmiKBPEJGT6OelxhcyIkSWUKW5vJWxAFWXG5lO0IXiLLy+TxnnFq1aq95fl2k0eRwGO4QTOwIMrqMEd1MEHBhye4RXeHOm8OO/Ox7x1xclnjuAPnM8fiXmOhg==</latexit>

⇠3

shift center of mass of the dice by a vector

Changes probabilities in a non-trivial fashion:

<latexit sha1_base64="/2l+D1sI0Na+ILJqhG9wrhwiI00=">AAACIHicbZDLSsNAFIYnXmu9RV26CRahIpSk1taNUHTjsoK9QBvCZDpph06SYWYiltBHceOruHGhiO70aZymCWjrDwMf/zmHM+d3GSVCmuaXtrS8srq2ntvIb25t7+zqe/stEUYc4SYKacg7LhSYkgA3JZEUdxjH0Hcpbruj62m9fY+5IGFwJ8cM2z4cBMQjCEplOXqNOVax90BOTplTzuAsg0oG5xlUE7i0HL1glsxExiJYKRRAqoajf/b6IYp8HEhEoRBdy2TSjiGXBFE8yfcigRlEIzjAXYUB9LGw4+TAiXGsnL7hhVy9QBqJ+3sihr4QY99VnT6UQzFfm5r/1bqR9C7smAQskjhAs0VeRA0ZGtO0jD7hGEk6VgARJ+qvBhpCDpFUmeZVCNb8yYvQKpesaql6WynUr9I4cuAQHIEisEAN1MENaIAmQOARPINX8KY9aS/au/Yxa13S0pkD8Efa9w+Mm5+E</latexit>

p1(⇠) + p2(⇠) + p3(⇠) + p4(⇠) + p5(⇠) + p6(⇠) = 1

<latexit sha1_base64="aBJFKrfRAXDak9t9xNOU2zKGv4I=">AAACCnicbZDLSsNAFIYnXmu9RV26iRahQgmJSnUjFN24rGAv0IQwmU7aoTPJMDMRS+jaja/ixoUibn0Cd76Nk7YLbf1h4OM/53Dm/CGnRCrH+TYWFpeWV1YLa8X1jc2tbXNntymTVCDcQAlNRDuEElMS44YiiuI2FxiykOJWOLjO6617LCRJ4js15NhnsBeTiCCotBWYB7zs9SWHCGeOfYrYqOI9kONLHrjlHLxKJTBLju2MZc2DO4USmKoemF9eN0Epw7FCFErZcR2u/AwKRRDFo6KXSqwXDmAPdzTGkGHpZ+NTRtaRdrpWlAj9YmWN3d8TGWRSDlmoOxlUfTlby83/ap1URRd+RmKeKhyjyaIopZZKrDwXq0sERooONUAkiP6rhfpQQKR0ekUdgjt78jw0T2y3aldvz0q1q2kcBbAPDkEZuOAc1MANqIMGQOARPINX8GY8GS/Gu/ExaV0wpjN74I+Mzx9tNpjS</latexit>

p( , ⇠) = p1(⇠) ,
<latexit sha1_base64="CaFjT2GCgjdxHT9RA2Ops7t0Paw=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIFUpIqlQ3QtGNywr2Ak0Ik+mkHTpJhpmJWELXbnwVNy4UcesTuPNtnLRZaOsPAx//OYcz5/cZJUJa1rdWWFpeWV0rrpc2Nre2d/TdvbaIE45wC8U05l0fCkxJhFuSSIq7jGMY+hR3/NF1Vu/cYy5IHN3JMcNuCAcRCQiCUlmefsgqzlAwiHBqmaconFSdB3JyybxaJQOnWvX0smVaUxmLYOdQBrmanv7l9GOUhDiSiEIherbFpJtCLgmieFJyEoHVwhEc4J7CCIZYuOn0lIlxrJy+EcRcvUgaU/f3RApDIcahrzpDKIdivpaZ/9V6iQwu3JRELJE4QrNFQUINGRtZLkafcIwkHSuAiBP1VwMNIYdIqvRKKgR7/uRFaNdMu27Wb8/Kjas8jiI4AEegAmxwDhrgBjRBCyDwCJ7BK3jTnrQX7V37mLUWtHxmH/yR9vkDbsKY0w==</latexit>

p( , ⇠) = p2(⇠) ,
<latexit sha1_base64="TJa3j9WP58LZCW0nItt5dRmxWxE=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIFUpIrFQ3QtGNywr2Ak0Ik+mkHTpJhpmJWELXbnwVNy4UcesTuPNtnLRZaOsPAx//OYcz5/cZJUJa1rdWWFpeWV0rrpc2Nre2d/TdvbaIE45wC8U05l0fCkxJhFuSSIq7jGMY+hR3/NF1Vu/cYy5IHN3JMcNuCAcRCQiCUlmefsgqzlAwiHBqmTUUTqrOAzm5ZF6tkoFTrXp62TKtqYxFsHMog1xNT/9y+jFKQhxJRKEQPdti0k0hlwRRPCk5icBq4QgOcE9hBEMs3HR6ysQ4Vk7fCGKuXiSNqft7IoWhEOPQV50hlEMxX8vM/2q9RAYXbkoilkgcodmiIKGGjI0sF6NPOEaSjhVAxIn6q4GGkEMkVXolFYI9f/IitE9Nu27Wb8/Kjas8jiI4AEegAmxwDhrgBjRBCyDwCJ7BK3jTnrQX7V37mLUWtHxmH/yR9vkDcE6Y1A==</latexit>

p( , ⇠) = p3(⇠) ,

<latexit sha1_base64="3fcwZG0bzDUy7efMDTwpJ2+YSJ8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIFUpItFQ3QtGNywr2Ak0Ik+mkHTpJhpmJWELXbnwVNy4UcesTuPNtnLRZaOsPAx//OYcz5/cZJUJa1rdWWFpeWV0rrpc2Nre2d/TdvbaIE45wC8U05l0fCkxJhFuSSIq7jGMY+hR3/NF1Vu/cYy5IHN3JMcNuCAcRCQiCUlmefsgqzlAwiHBqmWconFSdB3JyybxaJQOnWvX0smVaUxmLYOdQBrmanv7l9GOUhDiSiEIherbFpJtCLgmieFJyEoHVwhEc4J7CCIZYuOn0lIlxrJy+EcRcvUgaU/f3RApDIcahrzpDKIdivpaZ/9V6iQwu3JRELJE4QrNFQUINGRtZLkafcIwkHSuAiBP1VwMNIYdIqvRKKgR7/uRFaJ+adt2s39bKjas8jiI4AEegAmxwDhrgBjRBCyDwCJ7BK3jTnrQX7V37mLUWtHxmH/yR9vkDcdqY1Q==</latexit>

p( , ⇠) = p4(⇠) ,
<latexit sha1_base64="s6Cj3o7o+SPaP2ViWFhIugbK+PY=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIFUpIvFQ3QtGNywr2Ak0Ik+mkHTqThJmJWELXbnwVNy4UcesTuPNtnLRZaOsPAx//OYcz5/djSoS0rG+tsLC4tLxSXC2trW9sbunbOy0RJRzhJopoxDs+FJiSEDclkRR3Yo4h8ylu+8PrrN6+x1yQKLyToxi7DPZDEhAEpbI8fT+uOAMRQ4RTyzxBbFx1HsjRZeydVTJwqlVPL1umNZExD3YOZZCr4elfTi9CCcOhRBQK0bWtWLop5JIgisclJxFYLRzCPu4qDCHDwk0np4yNQ+X0jCDi6oXSmLi/J1LIhBgxX3UyKAditpaZ/9W6iQwu3JSEcSJxiKaLgoQaMjKyXIwe4RhJOlIAESfqrwYaQA6RVOmVVAj27Mnz0Do27ZpZuz0t16/yOIpgDxyACrDBOaiDG9AATYDAI3gGr+BNe9JetHftY9pa0PKZXfBH2ucPc2aY1g==</latexit>

p( , ⇠) = p5(⇠) ,
<latexit sha1_base64="LObVf/5B0D1vkmBlZ4CLagPDcgg=">AAACB3icbZDLSsNAFIYn9VbrLepSkGARKkhJVKoboejGZQV7gSaEyXTSDp1MhpmJWEJ3bnwVNy4UcesruPNtnLRZaOsPAx//OYcz5w84JVLZ9rdRWFhcWl4prpbW1jc2t8ztnZaME4FwE8U0Fp0ASkwJw01FFMUdLjCMAorbwfA6q7fvsZAkZndqxLEXwT4jIUFQacs393nFHUgOEU7t6imKxsfuAzm65H6tkoFvlu2qPZE1D04OZZCr4Ztfbi9GSYSZQhRK2XVsrrwUCkUQxeOSm0istw1hH3c1Mhhh6aWTO8bWoXZ6VhgL/ZiyJu7viRRGUo6iQHdGUA3kbC0z/6t1ExVeeClhPFGYoemiMKGWiq0sFKtHBEaKjjRAJIj+q4UGUECkdHQlHYIze/I8tE6qTq1auz0r16/yOIpgDxyACnDAOaiDG9AATYDAI3gGr+DNeDJejHfjY9paMPKZXfBHxucP1PqYBQ==</latexit>

p( , ⇠) = p6(⇠)

which still satisfy

<latexit sha1_base64="csRkpvHosjzvV/7OZxTtyg7ndlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3waJUkJK0Ut0IRTcuq9gHNDFMptN26GQSZiZiCf0DN/6KGxeKuHXrzr9xkmahrQfmcjjnXube44WUCGma31puYXFpeSW/Wlhb39jc0rd3WiKIOMJNFNCAdzwoMCUMNyWRFHdCjqHvUdz2RpeJ377HXJCA3cpxiB0fDhjpEwSlklz90H4g5yVVXOs4qZW0Vo9swmwfyqHnxTeTu6qrF82ymcKYJ1ZGiiBDw9W/7F6AIh8ziSgUomuZoXRiyCVBFE8KdiRwCNEIDnBXUQZ9LJw4vWdiHCilZ/QDrh6TRqr+noihL8TY91RnsqOY9RLxP68byf6ZExMWRhIzNP2oH1FDBkYSjtEjHCNJx4pAxIna1UBDyCGSKsKCCsGaPXmetCplq1auXZ8U6xdZHHmwB/ZBCVjgFNTBFWiAJkDgETyDV/CmPWkv2rv2MW3NadnMLvgD7fMHSOGblw==</latexit>

⇠ = (⇠1, ⇠2, ⇠3) 2 R3



Fisher information metric [Fisher 1922] 
[Rao 1945] 
[Jeffreys 1946]

<latexit sha1_base64="zlwwk2QFuR17RdDobGmaV9iDyxs="></latexit>

gij(⇠) : =
X

X2V

✓
@

@⇠i
log p(X, ⇠)

◆✓
@

@⇠j
log p(X, ⇠)

◆
p(X, ⇠)

<latexit sha1_base64="DAddGfj2+n1Z3mH+YnHb4O5grLo=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgED6UkItVj0YvHCvYDmlA2m227utmE3YlQQi9e/CtePCji1f/gzX/jts1BWx8MPN6bYWZekAiuwXG+rcLS8srqWnG9tLG5tb1j7+61dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawf3VxO//cCU5rG8hVHC/IgMJO9zSsBIPfvQ68eKCIF55c7j0svciifCGHQl9MY9u+xUnSnwInFzUkY5Gj37ywtjmkZMAhVE667rJOBnRAGngo1LXqpZQug9GbCuoZJETPvZ9IsxPjZKiM05piTgqfp7IiOR1qMoMJ0RgaGe9ybif143hf6Fn3GZpMAknS3qpwJDjCeR4JArRkGMDCFUcXMrpkOiCAUTXMmE4M6/vEhap1W3Vq3dnJXrl3kcRXSAjtAJctE5qqNr1EBNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w+8lJgb</latexit>

8i, j 2 {1, . . . , d}

defines the metric of a Riemannian manifold
<latexit sha1_base64="+w7SXFqn1nPjgSrv6QBeZn8PQNk="></latexit>

d(⇠1, ⇠2) =

Z 1

0
d⌧

q
⇠̇ic ⇠̇

j
c gij(⇠c)Fisher-Rao distance:

<latexit sha1_base64="Ws2CV4Gjx4Jagfuw8RdxEN543oE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCi1ISkSquim5cVrAPaEKYTCft0MkkzEzEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QMCqVbX8bhaXlldW14nppY3Nre8fc3WvJOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxheT/z2PRGSxvxOjRLiRajPaUgxUlryzQP3gfr40q107YrjuSq23A71zbJdtaewFomTkzLkaPjml9uLcRoRrjBDUnYdO1FehoSimJFxyU0lSRAeoj7paspRRKSXTa8fW8da6VlhLHRxZU3V3xMZiqQcRYHujJAayHlvIv7ndVMVXngZ5UmqCMezRWHKLP3kJAqrRwXBio00QVhQfauFB0ggrHRgJR2CM//yImmdVp1atXZ7Vq5f5XEU4RCO4AQcOIc63EADmoDhEZ7hFd6MJ+PFeDc+Zq0FI5/Zhz8wPn8AhyqUAA==</latexit>

⇠c : [0, 1] ! ⌅
<latexit sha1_base64="T+B4cFYFFV/oL6B4dj+xoalGjcc=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JpFQ3QtGNywr2Am0sk+mkHTqZhJmJWkLfw40LRdz6Lu58GydtFtr6w8DHf87hnPm9iDOlbfvbyq2srq1v5DcLW9s7u3vF/YOWCmNJaJOEPJQdDyvKmaBNzTSnnUhSHHictr3xdVpvP1CpWCju9CSiboCHgvmMYG2s+94T65OyfXqZgtMvluyKPRNaBieDEmRq9ItfvUFI4oAKTThWquvYkXYTLDUjnE4LvVjRCJMxHtKuQYEDqtxkdvUUnRhngPxQmic0mrm/JxIcKDUJPNMZYD1Si7XU/K/WjbV/4SZMRLGmgswX+TFHOkRpBGjAJCWaTwxgIpm5FZERlphoE1TBhOAsfnkZWmcVp1ap3VZL9assjjwcwTGUwYFzqMMNNKAJBCQ8wyu8WY/Wi/Vufcxbc1Y2cwh/ZH3+ABSKkZs=</latexit>

⇠c(0) = ⇠1
<latexit sha1_base64="54LF4lKkF/UxviTNJxNIlZdPfrg=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8Ei1E1JilQ3QtGNywr2Am0sk+mkHTqZhJmJWkLfw40LRdz6Lu58GydtFtr6w8DHf87hnPm9iDOlbfvbyq2srq1v5DcLW9s7u3vF/YOWCmNJaJOEPJQdDyvKmaBNzTSnnUhSHHictr3xdVpvP1CpWCju9CSiboCHgvmMYG2s+94T65Oyc3qZQrVfLNkVeya0DE4GJcjU6Be/eoOQxAEVmnCsVNexI+0mWGpGOJ0WerGiESZjPKRdgwIHVLnJ7OopOjHOAPmhNE9oNHN/TyQ4UGoSeKYzwHqkFmup+V+tG2v/wk2YiGJNBZkv8mOOdIjSCNCASUo0nxjARDJzKyIjLDHRJqiCCcFZ/PIytKoVp1ap3Z6V6ldZHHk4gmMogwPnUIcbaEATCEh4hld4sx6tF+vd+pi35qxs5hD+yPr8AReZkZ0=</latexit>

⇠c(1) = ⇠2

[Amari, Nagaoka 2020] 

geodesic
with and

special case: 1 dimension and <latexit sha1_base64="Xj8taJeLyUZCglsOtRuOr0Ti+kY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQirRuh6MZlFfuAJpbJdNIOnUzCzEQpof/hxoUibv0Xd/6NkzYLbT0wcDjnXu6Z48ecKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj68zv/NIpWKRuNeTmHohHgoWMIK1kR7cLrt0Q6xHvp/eTfvlil21Z0DLxMlJBXI0++UvdxCRJKRCE46V6jl2rL0US80Ip9OSmygaYzLGQ9ozVOCQKi+dpZ6iE6MMUBBJ84RGM/X3RopDpSahbyazhGrRy8T/vF6igwsvZSJONBVkfihIONIRyipAAyYp0XxiCCaSmayIjLDERJuiSqYEZ/HLy6R9VnVq1drteaVxlddRhCM4hlNwoA4NuIEmtICAhGd4hTfryXqx3q2P+WjByncO4Q+szx9xG5J/</latexit>

⌅ = R

<latexit sha1_base64="xHHr8oZf/JzCl2B0ROfi5vKE2jY="></latexit>

gtt(t) =
X

X2V

✓
@ log p(X, t)

@t

◆2

p(X, t) and
<latexit sha1_base64="xwko5bvR38etR650wB2R5y2iq9o="></latexit>

d(t1, t2) =

����
Z t2

t1

p
gtt(t0) dt

0
����



Towards Dynamics
<latexit sha1_base64="xHHr8oZf/JzCl2B0ROfi5vKE2jY="></latexit>

gtt(t) =
X

X2V

✓
@ log p(X, t)

@t

◆2

p(X, t) interpret              as time variable
<latexit sha1_base64="DvUZZcjXbV5fI1MMymBBuN6ob2Y=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLoxmUV+4Amlsl02g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMniAXX6DjfVmFldW19o7hZ2tre2d0r7x+0dJQoypo0EpHqBEQzwSVrIkfBOrFiJAwEawfj68xvPzKleSTvcRIzPyRDyQecEjTSA3pceiHBURCkd9NeueJUnRnsZeLmpAI5Gr3yl9ePaBIyiVQQrbuuE6OfEoWcCjYteYlmMaFjMmRdQyUJmfbTWeqpfWKUvj2IlHkS7Zn6eyMlodaTMDCTWUK96GXif143wcGln3IZJ8gknR8aJMLGyM4qsPtcMYpiYgihipusNh0RRSiaokqmBHfxy8ukdVZ1a9Xa7XmlfpXXUYQjOIZTcOEC6nADDWgCBQXP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/6SGSzA==</latexit>

t 2 R

Resolve normalisation condition (denote cardinality of     by          )
<latexit sha1_base64="KX2J0xPlbJct8ETU+jf9hAqHqhw=">AAACH3icbVDLSgMxFM34rPVVdekmWIQKZZgRrW6EohtXUsE+oFNKJpO2oZnMkNwRy9A/ceOvuHGhiLjr35g+Ftp6IORwzr3ce48fC67BcUbW0vLK6tp6ZiO7ubW9s5vb26/pKFGUVWkkItXwiWaCS1YFDoI1YsVI6AtW9/s3Y7/+yJTmkXyAQcxaIelK3uGUgJHauVLc5gU4uXqafF5Px4Sy1LHPaTj0OpEiQmDucemlbtETQQS6iO+8YTuXd2xnArxI3BnJoxkq7dy3F0Q0CZkEKojWTdeJoZUSBZwKNsx6iWZmdJ90WdNQSUKmW+nkviE+NkqAzTbmScAT9XdHSkKtB6FvKkMCPT3vjcX/vGYCnctWymWcAJN0OqiTCAwRHoeFA64YBTEwhFDFza6Y9ogiFEykWROCO3/yIqmd2m7JLt2f5cvXszgy6BAdoQJy0QUqo1tUQVVE0TN6Re/ow3qx3qxP62taumTNeg7QH1ijH2czof0=</latexit>

pi(t) = xi(t) 8i 2 {1, . . . , N}
<latexit sha1_base64="8ylRj36pbNw573iQXatJD2lGeB4=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoiCURqW4KRTeuSgX7gDaGyXTSDp1MwsxELCFbN/6KGxeKuPUP3Pk3TtsstHrgwuGce7n3Hi9iVCrL+jJyC4tLyyv51cLa+sbmlrm905JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7qc+O07IiQN+Y0aR8QJ0IBTn2KktOSaMHKT+pGdltRh1T7uyThwE1q109s6vHepVl2zaJWtKeBfYmekCDI0XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTQiyWJEB6hAelqylFApJNMP0nhgVb60A+FLq7gVP05kaBAynHg6c4AqaGc9ybif143Vv65k1AexYpwPFvkxwyqEE5igX0qCFZsrAnCgupbIR4igbDS4RV0CPb8y39J66RsV8qV69Ni7SKLIw/2wD4oARucgRq4Ag3QBBg8gCfwAl6NR+PZeDPeZ605I5vZBb9gfHwDuSmYdw==</latexit>

pN+1(t) = 1�
NX

i=1

xi(t)

<latexit sha1_base64="85FERsSTpRApHcB6WSd9y39+DrA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2Q8mkt21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knNPEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28HkNvPbT6g0j+SDmcboh3Qk+ZAzaqz02AupGQdB2pr1yxW36s5BVomXkwrkaPTLX71BxJIQpWGCat313Nj4KVWGM4GzUi/RGFM2oSPsWippiNpP54ln5MwqAzKMlH3SkLn6eyOlodbTMLCTWUK97GXif143McNrP+UyTgxKtvhomAhiIpKdTwZcITNiagllitushI2poszYkkq2BG/55FXSuqh6tWrt/rJSv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDxwWRAQ==</latexit>V

Fisher metric depends on time derivatives 
<latexit sha1_base64="aU+WOudwQbraSi4mJWG7s3wfEqw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGpLosunFZwT6gHUomTdvQTGZI7ohl6G+4caGIW3/GnX9j2s5CWw8EDufcw705QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoaaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38781iPXRkTqAScx90M6VGIgGEUrdbv9CNOnaU+U8bxXLLkVdw6ySryMlCBDvVf8snGWhFwhk9SYju fG6KdUo2CSTwvdxPCYsjEd8o6liobc+On85ik5s0qfDCJtn0IyV38nUhoaMwkDOxlSHJllbyb+53USHFz7qVBxglyxxaJBIglGZFYA6QvNGcqJJZRpYW8lbEQ1ZWhrKtgSvOUvr5LmRcWrVqr3l6XaTVZHHk7gFMrgwRXU4A7q0AAGMTzDK7w5ifPivDsfi9Gck2WO4Q+czx/omZGd</latexit>

ẋi(t)

<latexit sha1_base64="OaPM7d5c95qL87erhiHqlZsJHD0="></latexit>

gtt =
NX

i=1

⇣
1�

PN
j 6=i xj

⌘
ẋ2
i

xi

⇣
1�

PN
j=1 xj

⌘ + 2
X

1i<jN

ẋiẋj

1�
PN

k=1 xk

<latexit sha1_base64="DNXSCbS7aQdhx0iTK39Mm/wiWd0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zi2ohIPeI45n5IB0r0BaNopYe7M69bLLlldwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsVcqV+4tS9TqLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/gDONTQ==</latexit>

N + 1



<latexit sha1_base64="OaPM7d5c95qL87erhiHqlZsJHD0="></latexit>

gtt =
NX

i=1

⇣
1�

PN
j 6=i xj

⌘
ẋ2
i

xi

⇣
1�

PN
j=1 xj

⌘ + 2
X

1i<jN

ẋiẋj

1�
PN

k=1 xk

Can be simplified in certain cases, e.g.:

<latexit sha1_base64="XIMbOddyXHgRZ5D5Kg5t1sy8CEA="></latexit>

|ẋ1| � |ẋi| ⇠ 0 8i 2 {2, . . . , N}
<latexit sha1_base64="54vZ1g8TTDfZ4nQ4957AP7ocNvQ=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDowWU3iHoRgl48SQQThWxcZicTM2RmdpnplYQlf+HFX/HiQRGvevNvnDwOvgoaiqpuurviVHADvv/pTE3PzM7NFxaKi0vLK6vu2nrdJJmmrEYTkejrmBgmuGI14CDYdaoZkbFgV3H3dOhf3TFteKIuoZ+ypiS3irc5JWClyPVCk8ko58flwc057kV8B3ZDwyUO9kIi0g45DoH1IKeJMjDwIrfke/4I+C8JJqSEJqhG7kfYSmgmmQIqiDGNwE+hmRMNnAo2KIaZYSmhXXLLGpYqIplp5qO/BnjbKi3cTrQtBXikfp/IiTSmL2PbKQl0zG9vKP7nNTJoHzVzrtIMmKLjRe1MYEjwMCTc4ppREH1LCNXc3opph2hCwUZZtCEEv1/+S+plLzjwDi72S5WTSRwFtIm20A4K0CGqoDNURTVE0T16RM/oxXlwnpxX523cOuVMZjbQDzjvXz3cn2M=</latexit>

NX

i=2

xi(t) ⇠ 1� ↵ = const.define: 

‘one probability is strongly growing 
at the expense of another’

In this case the expression for the metric simplifies

<latexit sha1_base64="jzajkGaGBMvLV/2TKUX5zM9UMAs="></latexit>

=
↵ ẋ2

1

x1(↵� x1)
+O(ẋ1)

<latexit sha1_base64="Q0DrcZeS9XSQkkwVhgHxenQNRX0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il1rCfIU775Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AfaTj2c=</latexit>gtt

<latexit sha1_base64="tkoeJtJkKqSfeIna3JXWETAJD18="></latexit>

⇠

⇣
1�

PN
j=2 xj

⌘

x1

⇣
1�

PN
j=1 xj

⌘ ẋ2
1 +O(ẋ1)



<latexit sha1_base64="jzajkGaGBMvLV/2TKUX5zM9UMAs="></latexit>

=
↵ ẋ2

1

x1(↵� x1)
+O(ẋ1)

<latexit sha1_base64="YhZNA/FeRdKN7aqyW0kH6+CSv0Y="></latexit>

gtt =
↵ ẋ2

1

x1(↵� x1)
+O(ẋ1)

<latexit sha1_base64="Q0DrcZeS9XSQkkwVhgHxenQNRX0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il1rCfIU775Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AfaTj2c=</latexit>gtt

<latexit sha1_base64="Io7kCtytsALydyrRJuA0C0cuuWM="></latexit>

dx1

dt
⇠ ±

r
gtt x1

⇣
1� x1

↵

⌘

Can be resolved to give a flow equation for 
<latexit sha1_base64="mT7n5S4I0/CqzMnz6DmwdCeFMyQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGpLosunFZwT6gHUomTdvQTGZI7ohl6G+4caGIW3/GnX9j2s5CWw8EDufcw705QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoaaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38781iPXRkTqAScx90M6VGIgGEUrdbv9CNOnac8r43mvWHIr7hxklXgZKUGGeq/4ZeMsCblCJqkxHc+N0U+pRsEknxa6ieExZWM65B1LFQ258dP5zVNyZpU+GUTaPoVkrv5OpDQ0ZhIGdjKkODLL3kz8z+skOLj2U6HiBLlii0WDRBKMyKwA0heaM5QTSyjTwt5K2IhqytDWVLAleMtfXiXNi4pXrVTvL0u1m6yOPJzAKZTBgyuowR3UoQEMYniGV3hzEufFeXc+FqM5J8scwx84nz+TEZFl</latexit>

ẋ1(t)

<latexit sha1_base64="DXMQP9cVuwYHVln+fptEN/bbvwg=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBg5REpHosevFYwX5AE8Jku2mXbjZhd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2IdHbZVkktAWSXgiuyEoypmgLc00p91UUohDTjvh6G7md8ZUKpaIRz1JqR/DQLCIEdBGCmz7KXA9JnrOhQc8HYIf2FWn5syBV4lbkCoq0AzsL6+fkCymQhMOSvVcJ9V+DlIzwum04mWKpkBGMKA9QwXEVPn5/PIpPjNKH0eJNCU0nqu/J3KIlZrEoemMQQ/VsjcT//N6mY5u/JyJNNNUkMWiKONYJ3gWA+4zSYnmE0OASGZuxWQIEog2YVVMCO7yy6ukfVlz67X6w1W1cVvEUUYn6BSdIxddowa6R03UQgSN0TN6RW9Wbr1Y79bHorVkFTPH6A+szx+g0ZMH</latexit>

x1 2 [0,↵]for

A priori only a re-writing of the definition of <latexit sha1_base64="Q0DrcZeS9XSQkkwVhgHxenQNRX0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il1rCfIU775Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AfaTj2c=</latexit>gtt

Time dependence of metric in principle encodes dynamics of <latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

Is it possible to re-write       as a function of     ?<latexit sha1_base64="Q0DrcZeS9XSQkkwVhgHxenQNRX0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il1rCfIU775Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AfaTj2c=</latexit>gtt
<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1



First Example: Lotka-Volterra Equation
Describes the time-evolution of a population of predators and prey 

predatorsprey
<latexit sha1_base64="v0iKyC5GCA/lzSOV9uy+MpCA6dQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckS5idTJIhs7PrTK8YlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+85FrIyJ1j+OY+yEdKNEXjKKVWp0n0fVKeNYtFN2yOwNZJl5GipCh1i18dXoRS0KukElqTNtzY/RTqlEwySf5TmJ4TNmIDnjbUkVDbvx0du+EnFqlR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfav/FSoOEGu2HxRP5EEIzJ9nvSE5gzl2BLKtLC3EjakmjK0EeVtCN7iy8ukcV72KuXK3UWxep3FkYNjOIESeHAJVbiFGtSBgYRneIU358F5cd6dj3nripPNHMEfOJ8/JhiPZw==</latexit>

⇠1(t)
<latexit sha1_base64="snrnldzeIOxPNRZasP4d2phz+pQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyUpUj0WvXisYD+gDWWz3bRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRS0eJoqxJIxGpjk80E1yyJnIUrBMrRkJfsLY/vpn57UemNI/kPU5i5oVkKHnAKUEjdXpPvF8t43m/WHIqzhz2KnEzUoIMjX7xqzeIaBIyiVQQrbuuE6OXEoWcCjYt9BLNYkLHZMi6hkoSMu2l83un9plRBnYQKVMS7bn6eyIlodaT0DedIcGRXvZm4n9eN8Hgyku5jBNkki4WBYmwMbJnz9sDrhhFMTGEUMXNrTYdEUUomogKJgR3+eVV0qpW3FqldndRql9nceThBE6hDC5cQh1uoQFNoCDgGV7hzXqwXqx362PRmrOymWP4A+vzByefj2g=</latexit>

⇠2(t)

Predators eat prey

- have unlimited resources

(exponential growth in absence of predators)
- limited only through the pressure by the predators

- require prey for survival
(exponential decline in absence of prey)

<latexit sha1_base64="YHM8FBAG20ml/esVMN+g8cSP7G8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK4qCVTpLoRim5cVrAPaEKYTCbt0MmDmYlYQr7Djb/ixoUi7sSNf+M0DaKtB4Y5c8693LnHjRkV0jS/tNLS8srqWnm9srG5tb2j7+51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM8dX0393h3hgkbhrZzExA7QMKQ+xUgqydGh5XOEU8+6pw7MUk9mF8iBVi1/n7g/dHY1rFrN0atm3cxhLBJYkCoo0Hb0D8uLcBKQUGKGhBhAM5Z2irikmJGsYiWCxAiP0ZAMFA1RQISd5qtlxpFSPMOPuDqhNHL1d0eKAiEmgasqAyRHYt6biv95g0T653ZKwziRJMSzQX7CDBkZ05wMj3KCJZsogjCn6q8GHiGVlVRpVlQIcH7lRdJt1GGz3rw5rbYuizjK4AAcgmMAwRlogWvQBh2AwQN4Ai/gVXvUnrU37X1WWtKKnn3wB9rnNwWXn5I=</latexit>

d⇠1
dt

= a1 ⇠1 � b1 ⇠1 ⇠2 ,

<latexit sha1_base64="As3ANxQ4Wa3UfUZHscJbFYWsMfk=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCYC1JkOpGKLpxWcFeoAlhMpm0QycXZiZiCX0PN76KGxeKuBJc+DZO0wja+sPAz3fO4cz5vYRRIQ3jS1tYXFpeWS2tldc3Nre29Z3dtohTjkkLxyzmXQ8JwmhEWpJKRroJJyj0GOl4w6tJvXNHuKBxdCtHCXFC1I9oQDGSCrm6ZQcc4cy376lrjTNfji9OkGvZ1Rwcez/WLIhdrbp6xagZueC8MQtTAYWarv5h+zFOQxJJzJAQPdNIpJMhLilmZFy2U0EShIeoT3rKRigkwsny28bwUBEfBjFXL5Iwp78nMhQKMQo91RkiORCztQn8r9ZLZXDuZDRKUkkiPF0UpAzKGE6Cgj7lBEs2UgZhTtVfIR4gFZZUcZZVCObsyfOmbdXMeq1+c1ppXBZxlMA+OABHwARnoAGuQRO0AAYP4Am8gFftUXvW3rT3aeuCVszsgT/SPr8Bfxefyw==</latexit>

d⇠2
dt

= �a2 ⇠2 + b2 ⇠1 ⇠2 ,

<latexit sha1_base64="7l+JR46ikDrcRoOnxSyGLe+2xLs=">AAACCnicbZDLSsNAFIYnXmu9RV26GS2CYClJkeqy6MZlFXuBJoTJdNIOnUzCzEQoIWs3voobF4q49Qnc+TZO2iy09YeBj/+cw5zz+zGjUlnWt7G0vLK6tl7aKG9ube/smnv7HRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen64+u83n0gQtKI36tJTNwQDTkNKEZKW555hLzUrtYzp1qFfoGUOyFSI99P7zLvzDMrVs2aCi6CXUAFFGp55pcziHASEq4wQ1L2bStWboqEopiRrOwkksQIj9GQ9DVyFBLpptNTMniinQEMIqEfV3Dq/p5IUSjlJPR1Z76jnK/l5n+1fqKCSzelPE4U4Xj2UZAwqCKY5wIHVBCs2EQDwoLqXSEeIYGw0umVdQj2/MmL0KnX7EatcXteaV4VcZTAITgGp8AGF6AJbkALtAEGj+AZvII348l4Md6Nj1nrklHMHIA/Mj5/APPtmTQ=</latexit>

a1,2 , b1,2 2 R+

with

Coupled differential equations:

(and initial conditions                   )
<latexit sha1_base64="enz6E+8IDgzlXLGP2Vkbc0lV8g4=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBEqSEmKVC9C0YvHCvYD2lo22027dLMJuxO1hP4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzz4sE1+g439bS8srq2npmI7u5tb2zm9vbr+swVpTVaChC1fSIZoJLVkOOgjUjxUjgCdbwhtcTv/HAlOahvMNRxDoB6Uvuc0rQSPftJ95N3NPSuICXzkk3l3eKzhT2InFTkocU1W7uq90LaRwwiVQQrVuuE2EnIQo5FWycbceaRYQOSZ+1DJUkYLqTTK8e28dG6dl+qExJtKfq74mEBFqPAs90BgQHet6biP95rRj9i07CZRQjk3S2yI+FjaE9icDuccUoipEhhCpubrXpgChC0QSVNSG48y8vknqp6JaL5duzfOUqjSMDh3AEBXDhHCpwA1WoAQUFz/AKb9aj9WK9Wx+z1iUrnTmAP7A+fwDFPpFm</latexit>

⇠1,2(t = 0)

Total population in general not conserved:
<latexit sha1_base64="VKa8dYJKNbIQ2IyLum3N9JgZ1Co=">AAACCHicbVDLSsNAFJ3UV62vqksXDhahIpSkSHVZdOOygn1AE8JkMmmHTiZxZiKW0KUbf8WNC0Xc+gnu/BsnbRbaeuBeDufcy8w9XsyoVKb5bRSWlldW14rrpY3Nre2d8u5eR0aJwKSNIxaJnockYZSTtqKKkV4sCAo9Rrre6Crzu/dESBrxWzWOiROiAacBxUhpyS0f2oFAOPUnqa8mVfuButZp1usnNid30HTLFbNmTgEXiZWTCsjRcstfth/hJCRcYYak7FtmrJwUCUUxI5OSnUgSIzxCA9LXlKOQSCedHjKBx1rxYRAJXVzBqfp7I0WhlOPQ05MhUkM572Xif14/UcGFk1IeJ4pwPHsoSBhUEcxSgT4VBCs21gRhQfVfIR4inYzS2ZV0CNb8yYukU69ZjVrj5qzSvMzjKIIDcASqwALnoAmuQQu0AQaP4Bm8gjfjyXgx3o2P2WjByHf2wR8Ynz+mkpkX</latexit>

d

dt
(⇠1 + ⇠2) 6= 0

[Lotka, 1909]

[Volterra 1926]



Two fixed points such that
<latexit sha1_base64="yxblkmY1jr2MNQQINgtkbiOCTS4=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieJCSFKlehKIXjxXsBzShbDabdulmE3YnYgm5+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8w8P+FMgW1/G0vLK6tr66WN8ubW9s6uubffVnEqCW2RmMey62NFORO0BQw47SaS4sjntOOPbiZ+54FKxWJxD+OEehEeCBYygkFLffPQDSUmWeA+sn7mnNXyPAsgv7L7ZsWu2lNYi8QpSAUVaPbNLzeISRpRAYRjpXqOnYCXYQmMcJqX3VTRBJMRHtCepgJHVHnZ9IHcOtFKYIWx1CXAmqq/JzIcKTWOfN0ZYRiqeW8i/uf1UggvvYyJJAUqyGxRmHILYmuShhUwSQnwsSaYSKZvtcgQ60RAZ1bWITjzLy+Sdq3q1Kv1u/NK47qIo4SO0DE6RQ66QA10i5qohQjK0TN6RW/Gk/FivBsfs9Ylo5g5QH9gfP4Abn6WUA==</latexit>

d⇠1,2
dt

= 0

<latexit sha1_base64="YdePH/2RPh8HuhtAOVWfgB+To4U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovQQilJkepGKLpxWcHWQhvCZDpph04mYWYihlB/xY0LRdz6Ie78GydtFtp64F4O59zL3DlexKhUlvVtFNbWNza3itulnd29/QPz8Kgnw1hg0sUhC0XfQ5IwyklXUcVIPxIEBR4j9970OvPvH4iQNOR3KomIE6Axpz7FSGnJNcvV4SN17XrWm7XLqlW3aq5ZsRrWHHCV2DmpgBwd1/wajkIcB4QrzJCUA9uKlJMioShmZFYaxpJECE/RmAw05Sgg0knnx8/gqVZG0A+FLq7gXP29kaJAyiTw9GSA1EQue5n4nzeIlX/hpJRHsSIcLx7yYwZVCLMk4IgKghVLNEFYUH0rxBMkEFY6r5IOwV7+8irpNRt2q9G6Pau0r/I4iuAYnIAqsME5aIMb0AFdgEECnsEreDOejBfj3fhYjBaMfKcM/sD4/AFan5Km</latexit>

(⇠1, ⇠2) = (0, 0)
<latexit sha1_base64="gKGU6ELUpkwHMa0Vq+WsZB/S0L8=">AAACJXicbVDLSsNAFJ34rPVVdekmWIQWSkmKVBcKRTcuK9gHNCVMppN26OTBzI1YQn7Gjb/ixoVFBFf+ipM2iLYemMvhnHu5c48TcibBMD61ldW19Y3N3FZ+e2d3b79wcNiWQSQIbZGAB6LrYEk582kLGHDaDQXFnsNpxxnfpH7ngQrJAv8eJiHte3joM5cRDEqyC5cl65HZZiWttfKVxakLJQtcgUmM7VoSO6pUfgQzFczEEmw4grJdKBpVYwZ9mZgZKaIMTbswtQYBiTzqA+FYyp5phNCPsQBGOE3yViRpiMkYD2lPUR97VPbj2ZWJfqqUge4GQj0f9Jn6eyLGnpQTz1GdHoaRXPRS8T+vF4F70Y+ZH0ZAfTJf5EZch0BPI9MHTFACfKIIJoKpv+pkhFUgoILNqxDMxZOXSbtWNevV+t1ZsXGdxZFDx+gElZCJzlED3aImaiGCntALekNT7Vl71d61j3nripbNHKE/0L6+AcVapOE=</latexit>

(⇠1, ⇠2) =
⇣

a2
b2
, a1
b1

⌘
and

Away from these fixed points: periodic solutions



Introduce probability distribution
<latexit sha1_base64="q9zTK+cS8KlggveU2K1U5GmbAiI=">AAACCXicbVBNS8MwGE7n15xfVY9egkMQhNEOmSIMhl48TnAfsJaSZukWlqYlSWWj7OrFv+LFgyJe/Qfe/DemWw+6+UDyPjzP+5K8jx8zKpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH91kfueBCEkjfq8mMXFDNOA0oBgpLXkmjD277gQC4dQZU8+ezstZdlen9auxZ5atijUDXCZ2TsogR9Mzv5x+hJOQcIUZkrJnW7FyUyQUxYxMS04iSYzwCA1IT1OOQiLddLbJFJ5opQ+DSOjDFZypvydSFEo5CX3dGSI1lIteJv7n9RIVXLop5XGiCMfzh4KEQRXBLBbYp4JgxSaaICyo/ivEQ6RjUTq8kg7BXlx5mbSrFbtWqd2dlxvXeRxFcASOwSmwwQVogFvQBC2AwSN4Bq/gzXgyXox342PeWjDymUPwB8bnD4qzmZ0=</latexit>

p1 =
⇠1

⇠1 + ⇠2
=: x

<latexit sha1_base64="HP4JSKmsk9mvcoWmo4bwcWhkjKM=">AAACCnicbVBNS8MwGE7n15xfVY9eokMQxNEOmV4GQy8eJ7gPWEtJs3QLS9OSpLJRdvbiX/HiQRGv/gJv/huzrgedPhDy5Hnelzfv48eMSmVZX0ZhaXllda24XtrY3NreMXf32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxR9czv3NPhKQRv1OTmLghGnAaUIyUljzzMPaqdScQCKfOmHrVaXbZp/NH3T4be2bZqlgZ4F9i56QMcjQ989PpRzgJCVeYISl7thUrN0VCUczItOQkksQIj9CA9DTlKCTSTbNVpvBYK30YREIfrmCm/uxIUSjlJPR1ZYjUUC56M/E/r5eo4NJNKY8TRTieDwoSBlUEZ7nAPhUEKzbRBGFB9V8hHiKdi9LplXQI9uLKf0m7WrFrldrteblxlcdRBAfgCJwAG1yABrgBTdACGDyAJ/ACXo1H49l4M97npQUj79kHv2B8fAP1BpnN</latexit>

p2 =
⇠2

⇠1 + ⇠2
= 1� x

with

<latexit sha1_base64="rguGKmqQ0sMvYjw7kstg8rp8OVM=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXpcyIVHFVdOOyin3AzFAyaWYamkmGJKOWoR/gxl9x40IRt36AO//GtJ2Fth4IHM45l9x7goRRpW3721pYXFpeWS2sFdc3Nre2Szu7LSVSiUkTCyZkJ0CKMMpJU1PNSCeRBMUBI+1gcDn223dEKir4rR4mxI9RxGlIMdJG6pbKD+dexYuR7gdBdjPymOCRpFFfIynFPXTtiuOblF21J4DzxMlJGeRodEtfXk/gNCZcY4aUch070X6GpKaYkVHRSxVJEB6giLiGchQT5WeTY0bw0Cg9GAppHtdwov6eyFCs1DAOTHK8tpr1xuJ/npvq8MzPKE9STTiefhSmDGoBx83AHpUEazY0BGFJza4Q95FEWJv+iqYEZ/bkedI6rjq1au36pFy/yOsogH1wAI6AA05BHVyBBmgCDB7BM3gFb9aT9WK9Wx/T6IKVz+yBP7A+fwA+1psc</latexit>

x : R �! [0, 1]

single degree of freedom

fraction of prey increasing fraction of prey decreasing



Zeroes of the metric correspond to extrema of <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

Metric is a function of time: re-write it in terms of    : <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

requires solving the dynamics of the system

<latexit sha1_base64="T/RcETvRlxu08ajUQLp/A95FBA8="></latexit>

gtt = (@t log(p1))
2 p1 + (@t log(p2))

2 p2 =
⇠1⇠2(a1 + a2 � b2⇠1 � b1⇠2)2

(⇠1 + ⇠2)2

<latexit sha1_base64="s1xobWqS1bsC3okb0XY2Ll+49vM="></latexit>

gtt =
1� x

x
(a1x+ a2x� (b1(1� x) + b2x) ⇠1)

2



<latexit sha1_base64="YHM8FBAG20ml/esVMN+g8cSP7G8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK4qCVTpLoRim5cVrAPaEKYTCbt0MmDmYlYQr7Djb/ixoUi7sSNf+M0DaKtB4Y5c8693LnHjRkV0jS/tNLS8srqWnm9srG5tb2j7+51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM8dX0393h3hgkbhrZzExA7QMKQ+xUgqydGh5XOEU8+6pw7MUk9mF8iBVi1/n7g/dHY1rFrN0atm3cxhLBJYkCoo0Hb0D8uLcBKQUGKGhBhAM5Z2irikmJGsYiWCxAiP0ZAMFA1RQISd5qtlxpFSPMOPuDqhNHL1d0eKAiEmgasqAyRHYt6biv95g0T653ZKwziRJMSzQX7CDBkZ05wMj3KCJZsogjCn6q8GHiGVlVRpVlQIcH7lRdJt1GGz3rw5rbYuizjK4AAcgmMAwRlogWvQBh2AwQN4Ai/gVXvUnrU37X1WWtKKnn3wB9rnNwWXn5I=</latexit>

d⇠1
dt

= a1 ⇠1 � b1 ⇠1 ⇠2 ,

<latexit sha1_base64="As3ANxQ4Wa3UfUZHscJbFYWsMfk=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCYC1JkOpGKLpxWcFeoAlhMpm0QycXZiZiCX0PN76KGxeKuBJc+DZO0wja+sPAz3fO4cz5vYRRIQ3jS1tYXFpeWS2tldc3Nre29Z3dtohTjkkLxyzmXQ8JwmhEWpJKRroJJyj0GOl4w6tJvXNHuKBxdCtHCXFC1I9oQDGSCrm6ZQcc4cy376lrjTNfji9OkGvZ1Rwcez/WLIhdrbp6xagZueC8MQtTAYWarv5h+zFOQxJJzJAQPdNIpJMhLilmZFy2U0EShIeoT3rKRigkwsny28bwUBEfBjFXL5Iwp78nMhQKMQo91RkiORCztQn8r9ZLZXDuZDRKUkkiPF0UpAzKGE6Cgj7lBEs2UgZhTtVfIR4gFZZUcZZVCObsyfOmbdXMeq1+c1ppXBZxlMA+OABHwARnoAGuQRO0AAYP4Am8gFftUXvW3rT3aeuCVszsgT/SPr8Bfxefyw==</latexit>

d⇠2
dt

= �a2 ⇠2 + b2 ⇠1 ⇠2 ,

<latexit sha1_base64="TJ5Zhw38qPDHEgMg8i8ve7+ZrVo="></latexit>✓
b2 + b1

1� x

x

◆
⇠1 � (a1 + a2) log ⇠1 � a1 log

✓
1� x

x

◆
= L

<latexit sha1_base64="lB1d6F9qguW3UlAVZbmcTgm+zVc=">AAACInicbZDLSgMxFIYz9VbrbdSlm8EiVMQyKVJ1IRTduHBRwV6gHYZMmrahmcyQZMQy9Fnc+CpuXCjqSvBhzLRT0NYDge/8fw7J+b2QUals+8vILCwuLa9kV3Nr6xubW+b2Tl0GkcCkhgMWiKaHJGGUk5qiipFmKAjyPUYa3uAq8Rv3REga8Ds1DInjox6nXYqR0pJrnt9ceG6p/UBdWLAPj5FmFvSm/ZHnwoRLEw9OvaR3zbxdtMdlzQNMIQ/SqrrmR7sT4MgnXGGGpGxBO1ROjISimJFRrh1JEiI8QD3S0siRT6QTj1ccWQda6VjdQOjDlTVWf0/EyJdy6Hv6po9UX856ifif14pU98yJKQ8jRTiePNSNmKUCK8nL6lBBsGJDDQgLqv9q4T4SCCudak6HAGdXnod6qQjLxfLtSb5ymcaRBXtgHxQABKegAq5BFdQABo/gGbyCN+PJeDHejc/J1YyRzuyCP2V8/wDwlKA8</latexit>

L = b2⇠1(0)� a2 log ⇠1(0) + b1⇠2(0)� a1 log ⇠2(0)

Integrating the equations gives an algebraic equation: 

fixed by initial conditions:

<latexit sha1_base64="GKmtfw9i2Nl12Y49RnZDhepXrCQ="></latexit>

⇠1 = � (a1 + a2)x

b1(1� x) + b2x
W

0

@�
e�

L
a1+a2

�
1�x
x

�� a1
a1+a2 (b1(1� x) + b2x)

x(a1 + a2)

1

A

leads to

Lambert function with 2 real branches



Fisher information metric as function of <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x
<latexit sha1_base64="aSy+jDYsYSPwzwxulQyDMN18PoQ="></latexit>

gtt = (a1 + a2)
2 x (1� x)

2

41 +W

0

@�
e�

L
a1+a2

�
1�x
x

�� a1
a1+a2 (b1(1� x) + b2x)

x(a1 + a2)

1

A

3

5
2

Two branches:
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="3Iy9W9y2hYaLWaNZ/JoYzBW6+F4=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lEqicpevFYwX5AG8pms2mXbjZhdyPWkF/ixYMiXv0p3vw3btsctPXBwOO9GWbm+QlnSjvOt7Wyura+sVnaKm/v7O5V7P2DtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88c3U7zxQqVgs7vUkoV6Eh4KFjGBtpIFd6YcSkyx4zLNA51fOwK46NWcGtEzcglShQHNgf/WDmKQRFZpwrFTPdRLtZVhqRjjNy/1U0QSTMR7SnqECR1R52ezwHJ0YJUBhLE0JjWbq74kMR0pNIt90RliP1KI3Ff/zeqkOL72MiSTVVJD5ojDlSMdomgIKmKRE84khmEhmbkVkhE0S2mRVNiG4iy8vk/ZZza3X6nfn1cZ1EUcJjuAYTsGFC2jALTShBQRSeIZXeLOerBfr3fqYt65Yxcwh/IH1+QMEdZNW</latexit>

dx

dt
> 0growing:

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x declining:
<latexit sha1_base64="fDH+3xEruCtp7oxsAiBwVDz0pzs=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lEqgcPRS8eK9gPaEPZbDbt0s0m7G7EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/hTGnH+bZWVtfWNzZLW+Xtnd29ir1/0FZxKgltkZjHsutjRTkTtKWZ5rSbSIojn9OOP76Z+p0HKhWLxb2eJNSL8FCwkBGsjTSwK/1QYpIFj3kW6PzKGdhVp+bMgJaJW5AqFGgO7K9+EJM0okITjpXquU6ivQxLzQinebmfKppgMsZD2jNU4IgqL5sdnqMTowQojKUpodFM/T2R4UipSeSbzgjrkVr0puJ/Xi/V4aWXMZGkmgoyXxSmHOkYTVNAAZOUaD4xBBPJzK2IjLBJQpusyiYEd/HlZdI+q7n1Wv3uvNq4LuIowREcwym4cAENuIUmtIBACs/wCm/Wk/VivVsf89YVq5g5hD+wPn8AAWuTVA==</latexit>

dx

dt
< 0

both branches meet at the same zeroes

<latexit sha1_base64="GB0fR+D3MHXJo9SbvQkklsLqWe4="></latexit>

b1

✓
1� x

x

◆ a2
a1+a2

+ b2

✓
1� x

x

◆� a1
a1+a2

= (a1 + a2) e
L

a1+a2
�1

which are solutions of
periodicity

<latexit sha1_base64="jII9AuGNo0QPRSrUB78d4Fbc+AQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJukOgx6MVjBPOAZAmzk04yZHZ2mZkVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2gHVKLjEhuFGYDtWSMNAYCsY38781iMqzSP5YCYx+iEdSj7gjBortZ56qXdRmfaKJbfszkFWiZeREmSo94pf3X7EkhClYYJq3fHc2PgpVYYzgdNCN9EYUzamQ+xYKmmI2k/n507JmVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgbXfsplnBiUbLFokAhiIjL7nfS5QmbExBLKFLe3EjaiijJjEyrYELzll1dJs1L2quXq/WWpdpPFkYcTOIVz8OAKanAHdWgAgzE8wyu8ObHz4rw7H4vWnJPNHMMfOJ8/r8mPKQ==</latexit>x1,2



<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

Metric can be very well approximated by
<latexit sha1_base64="wBS71dlurhkeHXIuNOCsziedmek=">AAACCnicbZC7SgNBFIZn4y3G26qlzWoQEjBhN0i0EYI2lhHMBXJZZiezyZDZCzNnJWFJbeOr2FgoYusT2Pk2ziYpNPGHgY//nMOZ8zshZxJM81tLrayurW+kNzNb2zu7e/r+QV0GkSC0RgIeiKaDJeXMpzVgwGkzFBR7DqcNZ3iT1BsPVEgW+PcwDmnHw32fuYxgUJatH/ftGGCSG+WvcPssNyqMbCvfdRK0S4VRvktsPWsWzamMZbDmkEVzVW39q90LSORRHwjHUrYsM4ROjAUwwukk044kDTEZ4j5tKfSxR2Unnp4yMU6V0zPcQKjngzF1f0/E2JNy7Dmq08MwkIu1xPyv1orAvezEzA8joD6ZLXIjbkBgJLkYPSYoAT5WgIlg6q8GGWCBCaj0MioEa/HkZaiXila5WL47z1au53Gk0RE6QTlkoQtUQbeoimqIoEf0jF7Rm/akvWjv2sesNaXNZw7RH2mfPxUimJs=</latexit>

gtt(x) = a (x� x1)
b (x2 � x)c

<latexit sha1_base64="iXghOIYEF5gobX1QUcZLAvc9VxQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZSkSHVZdOOygn1AEsJkOm2HTiZhZiItoeCvuHGhiFu/w51/4/Sx0NYDA4dz7uWeOVHKmdKO822trK6tb2wWtorbO7t7+/bBYVMlmSS0QRKeyHaEFeVM0IZmmtN2KimOI05b0eB24rceqVQsEQ96lNIgxj3BuoxgbaTQPva7icSco6HPhDcM3YthWAlCu+SUnSnQMnHnpARz1EP7y+8kJIup0IRjpTzXSXWQY6kZ4XRc9DNFU0wGuEc9QwWOqQryafwxOjNKB5kc5gmNpurvjRzHSo3iyEzGWPfVojcR//O8THevg5yJNNNUkNmhbsaRTtCkC9RhkhLNR4ZgIpnJikgfS0y0aaxoSnAXv7xMmpWyWy1X7y9LtZt5HQU4gVM4BxeuoAZ3UIcGEMjhGV7hzXqyXqx362M2umLNd47gD6zPH2jolSQ=</latexit>

8x 2 [x1, x2]

suitable fitting parameters

Simple example:
<latexit sha1_base64="WdjRte/fNOtqf7ESux9A/SfozrI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaRIdVMounFZwT6gDeFmOmmHTiZhZqKU2E9x40IRt36JO//GaZuFth4Y7uGce7l3TpBwprTjfFtr6xubW9uFneLu3v7BoV06aqs4lYS2SMxj2Q1AUc4EbWmmOe0mkkIUcNoJxjczv/NApWKxuNeThHoRDAULGQFtJN8uge/Wwa/WA1MDU13fLjsVZw68StyclFGOpm9/9QcxSSMqNOGgVM91Eu1lIDUjnE6L/VTRBMgYhrRnqICIKi+bnz7FZ0YZ4DCW5gmN5+rviQwipSZRYDoj0CO17M3E/7xeqsMrL2MiSTUVZLEoTDnWMZ7lgAdMUqL5xBAgkplbMRmBBKJNWkUTgrv85VXSrlbcWqV2d1FuXOdxFNAJOkXnyEWXqIFuURO1EEGP6Bm9ojfryXqx3q2PReualc8coz+wPn8AnECSTQ==</latexit>

a1 = a2 = b1 = b2 = 1
<latexit sha1_base64="AckS8y8zJh8h24NVq5snwMja9FE="></latexit>

x1,2 =
1

2

⇣
1⌥

p
1� e2�L

⌘
<latexit sha1_base64="V4BDUWkj/TeFsm+T2uLNCLDWce4=">AAAB83icbVA9SwNBEJ2NXzF+RS1tFoNgFe6CRCsJ2lhYRDAfkDvC3mYvWbK3d+zuCeHI37CxUMTWP2Pnv3GTXKGJDwYe780wMy9IBNfGcb5RYW19Y3OruF3a2d3bPygfHrV1nCrKWjQWseoGRDPBJWsZbgTrJoqRKBCsE4xvZ37niSnNY/loJgnzIzKUPOSUGCt5XhgrIgS+v8a1frniVJ058Cpxc1KBHM1++csbxDSNmDRUEK17rpMYPyPKcCrYtOSlmiWEjsmQ9SyVJGLaz+Y3T/GZVQbYrrclDZ6rvycyEmk9iQLbGREz0sveTPzP66UmvPIzLpPUMEkXi8JUYBPjWQB4wBWjRkwsIVRxeyumI6IINTamkg3BXX55lbRrVbderT9cVBo3eRxFOIFTOAcXLqEBd9CEFlBI4Ble4Q2l6AW9o49FawHlM8fwB+jzB7agkNU=</latexit>

8L > 2
<latexit sha1_base64="nhw4UeuCtrYAKf96eINqzMN7oxk="></latexit>

gtt ⇠ 4 (x� x1)
d (x2 � x)d



Oldest mathematical models in epidemiology [Ross, 1916]

[Ross, Hudson 1917]

[Kermack, McKendrick 1927]

Idea: group members of the population into compartments

Susceptible: not infectious; can become infectious
if in contact with the pathogen

Infectious: infected with the pathogen; can actively 
transmit the pathogen to a susceptible 
individual

Removed: can neither be infected themselves, nor infect
other individuals

<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x

<latexit sha1_base64="3gkymRjfulPpHZrBSpdRkOxPBXc="></latexit>

S(t)

<latexit sha1_base64="KzsNHeNVZE4RnkyUPap0NElf+b0="></latexit>

I(t)

<latexit sha1_base64="9YtgaKjsxWZ9NPCn3osZwOYsBS4="></latexit>

R(t)

Second Example: SIR(S) Model

Population conserved:
<latexit sha1_base64="F7E8iNO2GztUcoo/2s3qAKKVUwk=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoOQEAi7ItGLEPSit/jIA5IlzE5mkyGzs8tMrxCW/IYXD4p49We8+TdOkj1oYkFDUdVNd5cXCa7Btr+tzMrq2vpGdjO3tb2zu5ffP2jqMFaUNWgoQtX2iGaCS9YADoK1I8VI4AnW8kbXU7/1xJTmoXyEccTcgAwk9zklYKRu8aF8W74vFaF06fTyBbtiz4CXiZOSAkpR7+W/uv2QxgGTQAXRuuPYEbgJUcCpYJNcN9YsInREBqxjqCQB024yu3mCT4zSx36oTEnAM/X3REICrceBZzoDAkO96E3F/7xODP6Fm3AZxcAknS/yY4EhxNMAcJ8rRkGMDSFUcXMrpkOiCAUTU86E4Cy+vEyapxWnWqnenRVqV2kcWXSEjlEROegc1dANqqMGoihCz+gVvVmx9WK9Wx/z1oyVzhyiP7A+fwAQ0Y/F</latexit>

(S + I +R)(t) = 1
<latexit sha1_base64="BZlglOmkpkREHzv+u6Gc66O0pPY=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURqS6LblxWsQ9oQplMJ+3QySTMTIQSu/BX3LhQxK2/4c6/cdJmoa0HBg7n3Muce4KEM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9F17rcfqFQsFvd6nFA/wgPBQkawNlLPPvTCWGLOkfaY8CKsh0GQ3U16dsWpOlOgReIWpAIFGj37y+vHJI2o0IRjpbquk2g/w1Izwumk7KWKJpiM8IB2DRU4osrPpvkn6MQofWSCmCc0mqq/NzIcKTWOAjOZJ1TzXi7+53VTHV76GRNJqqkgs4/C1Bwbo7wM1GeSEs3HhmAimcmKyBBLTLSprGxKcOdPXiSts6pbq9Zuzyv1q6KOEhzBMZyCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx2x0ySp2DuAPrM8fRTqWSQ==</latexit>

8t 2 R



<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x

Equations for the time evolution of the number of individuals:

infection rate
<latexit sha1_base64="2GqkYR73js0uL5xGcZDBhZPU6Zo="></latexit>�

removal rate
(const.) (const.)<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>�

rate at which individuals become susceptible again

(const.)
<latexit sha1_base64="Qy5P9oLlK6p+xXg+1iKOdEe0kBU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboRa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/Nbj6g0T+SDGacYxHQgecQZNVbyu09oaK9ccavuHGSVeDmpQI5Gr/zV7Scsi1EaJqjWHc9NTTChynAmcFrqZhpTykZ0gB1LJY1RB5P5sVNyZpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmafkz5XyIwYW0KZ4vZWwoZUUWZsPiUbgrf88ippXlS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA3xgwOEZXuHNkc6L8+58LFoLTj5zDH/gfP4A7BCOxw==</latexit>

⇣

<latexit sha1_base64="Qb7K+ZrVIj/DdqNJAHlWMBITLKU=">AAACDXicbZDLSsNAFIYn9VbrrerSTbAKgrUkItWNUHSju2rtBZpSJpNJO3QmCTMnQg19ATe+ihsXirh17863cXpZaOsPAx//OYcz53cjzhRY1reRmptfWFxKL2dWVtfWN7KbWzUVxpLQKgl5KBsuVpSzgFaBAaeNSFIsXE7rbu9yWK/fU6lYGNxBP6ItgTsB8xnBoK12ds/xJSaJVxkkHgzOj5wOFgI7+YqTvz50Hihovm1nc1 bBGsmcBXsCOTRRuZ39cryQxIIGQDhWqmlbEbQSLIERTgcZJ1Y0wqSHO7SpMcCCqlYyumZg7mvHM/1Q6heAOXJ/TyRYKNUXru4UGLpqujY0/6s1Y/DPWgkLohhoQMaL/JibEJrDaEyPSUqA9zVgIpn+q0m6WMcDOsCMDsGePnkWascFu1go3pzkSheTONJoB+2iA2SjU1RCV6iMqoigR/SMXtGb8WS8GO/Gx7g1ZUxmttEfGZ8/ZJObHw==</latexit>

dS

dt
= �� S I + ⇣ R

<latexit sha1_base64="9x7HeQu4jGwsOtV4dwhLN4E3aHA=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4qGVGpLoRim7srqJ9QKeUO5lMG5rMDElGKEM/wI2/4saFIm79AHf+jeljoa0HAodzzuXmHi/mTGnb/rYyS8srq2vZ9dzG5tb2Tn53r6GiRBJaJxGPZMsDRTkLaV0zzWkrlhSEx2nTG1yP/eYDlYpF4b0exrQjoBeygBHQRurmC24ggaR+dZT6enTp9kAIcIt3brF64irWE4CrJmWX7AnwInFmpIBmqHXzX64fkUTQUBMOSrUdO9adFKRmhNNRzk0UjYEMoEfbhoYgqOqkk2NG+MgoPg4iaV6o8UT9PZGCUGooPJMUoPtq3huL/3ntRAcXnZSFcaJpSKaLgoRjHeFxM9hnkhLNh4YAkcz8FZM+mHa06S9nSnDmT14kjdOSUy6Vb88KlatZHVl0gA7RMXLQOaqgG1RDdUTQI3pGr+jNerJerHfrYxrNWLOZffQH1ucPxg6azA==</latexit>

dI

dt
= � S I � �I

<latexit sha1_base64="sWiA32FM4MgzYWD3RqEck484p2U=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgoWFXJNoIQRvtYjAPyC5hdnY2GTL7YOauEJeUNv6KjYUitn6CnX/jJNlCowcuHM65l3vvcWPBFZjml5Gbm19YXMovF1ZW19Y3iptbTRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grXcweXYb90xqXgU3sIwZk5AeiH3OSWgpW5x1/YloalXH6UejM5txXsBsQ+vj+x7BgTXu8WSWTYnwH+JlZESylDrFj9tL6JJwEKggijVscwYnJRI4FSwUcFOFIsJHZAe62gakoApJ508MsL7WvGwH0ldIeCJ+nMiJYFSw8DVnQGBvpr1xuJ/XicB/8xJeRgnwEI6XeQnAkOEx6lgj0tGQQw1IVRyfSumfaKTAZ1dQYdgzb78lzSPy1alXLk5KVUvsjjyaAftoQNkoVNURVeohhqIogf0hF7Qq/FoPBtvxvu0NWdkM9voF4yPb1s3mYw=</latexit>

dR

dt
= � I � ⇣R



Different ways to define probability distributions:

<latexit sha1_base64="xTwHb4L3IPpK4Q4E3f9rXxPbUWM=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVYkmqVHFVdOOyin1AEstkOm2HTh7MTIQS8hVu/BU3LhRxK+78GydtFtp64MLh3Hu59xwvYlRI0/zWFhaXlldWC2vF9Y3NrW19Z7clwphj0sQhC3nHQ4IwGpCmpJKRTsQJ8j1G2t7oKuu3HwgXNAzu5Dgiro8GAe1TjKSSuvpxdJ+UraP0wjGcxDKqxomTOpL6REDHR3LoecmtEkJom4bldvWSWTEngPPEykkJ5Gh09S+nF+LYJ4HEDAlhW2Yk3QRxSTEjadGJBYkQHqEBsRUNkDrsJhNbKTxUSg/2Q64qkHCi/t5IkC/E2PfUZPaqmO1l4n89O5b9czehQRRLEuDpoX7MoLKZZQR7lBMs2VgRhDlVv0I8RBxhqZIsqhCsWcvzpFWtWLVK7ea0VL/M4yiAfXAAysACZ6AOrkEDNAEGj+AZvII37Ul70d61j+nogpbv7IE/0D5/AA0xnXY=</latexit>

p(1) : {1, 2, 3}⇥ R ! [0, 1]

<latexit sha1_base64="5KVp6g9c7BDs3asL0I3EmE7ppGw=">AAAB+nicbVDLTsJAFL3FF+Kr6NJNIzGBDWmNQTcmRDcuMcojgdpMhylMmE6bmamGVD7FjQuNceuXuPNvHKALBU9yb07OuTdz5/gxo1LZ9reRW1ldW9/Ibxa2tnd298zifktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/uhq6rcfiJA04ndqHBM3RANOA4qR0pJnFmPPuU/LTmVSVpWLW908s2RX7RmsZeJkpAQZGp751etHOAkJV5ghKbuOHSs3RUJRzMik0EskiREeoQHpaspRSKSbzk6fWMda6VtBJHRxZc3U3xspCqUch76eDJEaykVvKv7ndRMVnLsp5XGiCMfzh4KEWSqypjlYfSoIVmysCcKC6lstPEQCYaXTKugQnMUvL5PWSdWpVWs3p6X6ZRZHHg7hCMrgwBnU4Roa0AQMj/AMr/BmPBkvxrvxMR/NGdnOAfyB8fkDpH6SUg==</latexit>

p(1)1 (t) = S(t)
<latexit sha1_base64="BV5zXiyAnjtK61iB2oydMxFy9cg=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBHaTUmKVDdC0Y3uKtgHtDFMppN26GQSZiZKif0UNy4UceuXuPNvnLZZaOuBezmccy9z5/gxo1LZ9rexsrq2vrGZ28pv7+zu7ZuFg5aMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/dHV1G8/ECFpxO/UOCZuiAacBhQjpSXPLMRe9T4tOeVJSZUvbnTzzKJdsWewlomTkSJkaHjmV68f4SQkXGGGpOw6dqzcFAlFMSOTfC+RJEZ4hAakqylHIZFuOjt9Yp1opW8FkdDFlTVTf2+kKJRyHPp6MkRqKBe9qfif101UcO6mlMeJIhzPHwoSZqnImuZg9akgWLGxJggLqm+18BAJhJVOK69DcBa/vExa1YpTq9RuT4v1yyyOHBzBMZTAgTOowzU0oAkYHuEZXuHNeDJejHfjYz66YmQ7h/AHxucPlsqSSQ==</latexit>

p(1)2 (t) = I(t)

<latexit sha1_base64="iaOBUyxPcCQmGuqeJ0PyhmxtwMU=">AAAB+nicbVDLTgIxFO34RHwNunTTSExgQ2bUoBsTohuXaOSRwDjplA40dB5p72jIyKe4caExbv0Sd/6NBWah4Enuzck596a3x4sFV2BZ38bS8srq2npuI7+5tb2zaxb2mipKJGUNGolItj2imOAhawAHwdqxZCTwBGt5w6uJ33pgUvEovINRzJyA9EPuc0pAS65ZiN2T+7Rkl8clKF/c6uaaRatiTYEXiZ2RIspQd82vbi+iScBCoIIo1bGtGJyUSOBUsHG+mygWEzokfdbRNCQBU046PX2Mj7TSw34kdYWAp+rvjZQESo0CT08GBAZq3puI/3mdBPxzJ+VhnAAL6ewhPxEYIjzJAfe4ZBTESBNCJde3YjogklDQaeV1CPb8lxdJ87hiVyvVm9Ni7TKLI4cO0CEqIRudoRq6RnXUQBQ9omf0it6MJ+PFeDc+ZqNLRrazj/7A+PwBphuSUw==</latexit>

p(1)3 (t) = R(t)

with

<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x

<latexit sha1_base64="yzHhzQC3myDvq3v30w4ftGldGqc="></latexit>

p(2) : {1, 2}⇥ R �! [0, 1] with

<latexit sha1_base64="4jsUPd2OTRUko9wpkL9KrRTwxHw=">AAAB+nicbVDLTsJAFJ36RHwVXbppJCawIS0x6MaE6MYlRnkkUJvpMIUJ02kzc6shlU9x40Jj3Pol7vwbB+hCwZPcm5Nz7s3cOX7MmQLb/jZWVtfWNzZzW/ntnd29fbNw0FJRIgltkohHsuNjRTkTtAkMOO3EkuLQ57Ttj66mfvuBSsUicQfjmLohHggWMIJBS55ZiD3nPi1Vy5MSlC9udfPMol2xZ7CWiZORIsrQ8MyvXj8iSUgFEI6V6jp2DG6KJTDC6STfSxSNMRnhAe1qKnBIlZvOTp9YJ1rpW0EkdQmwZurvjRSHSo1DX0+GGIZq0ZuK/3ndBIJzN2UiToAKMn8oSLgFkTXNweozSQnwsSaYSKZvtcgQS0xAp5XXITiLX14mrWrFqVVqN6fF+mUWRw4doWNUQg46Q3V0jRqoiQh6RM/oFb0ZT8aL8W58zEdXjGznEP2B8fkDpgySUw==</latexit>

p(2)1 (t) = S(t)
<latexit sha1_base64="Rx6LVTt4XV9ZvhyVoDZ0CmqBDm4=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWIUUoSZHqRii60V0Ve4E2hsl00g6dTMLMRCih4Ku4caGIW5/DnW/jtM1CW38Y+PjPOZwzvx8zKpVtfxu5peWV1bX8emFjc2t7x9zda8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15N6q1HIiSN+L0axcQNUZ/TgGKktOWZB7FXeUitSmlsqdKFdXNyV9LgmUW7bE8FF8HJoAgy1T3zq9uLcBISrjBDUnYcO1ZuioSimJFxoZtIEiM8RH3S0chRSKSbTs8fw2Pt9GAQCf24glP390SKQilHoa87Q6QGcr42Mf+rdRIVnLsp5XGiCMezRUHCoIrgJAvYo4JgxUYaEBZU3wrxAAmElU6soENw5r+8CM1K2amWq7enxdplFkceHIIjYAEHnIEauAZ10AAYpOAZvII348l4Md6Nj1lrzshm9sEfGZ8/eUOTQA==</latexit>

p(2)2 (t) = (I +R)(t)

<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="jhSBTepqYlDhGSsfCg0w1FsciYE="></latexit>

p(3) : {1, 2}⇥ R �! [0, 1] with <latexit sha1_base64="Y624p97Vu4TRQoe8zOSAh31tTXA=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzGBDZlBg25MiG50h4k8EhgnnVKgofNIe0dDRj7FjQuNceuXuPNvLDALBU9yb07OuTe9PV4kuALL+jYyK6tr6xvZzdzW9s7unpnfb6owlpQ1aChC2faIYoIHrAEcBGtHkhHfE6zlja6mfuuBScXD4A7GEXN8Mgh4n1MCWnLNfORW7pPiSWlShNLFjW6uWbDK1gx4mdgpKaAUddf86vZCGvssACqIUh3bisBJiAROBZvkurFiEaEjMmAdTQPiM+Uks9Mn+FgrPdwPpa4A8Ez9vZEQX6mx7+lJn8BQLXpT8T+vE0P/3El4EMXAAjp/qB8LDCGe5oB7XDIKYqwJoZLrWzEdEkko6LRyOgR78cvLpFkp29Vy9fa0ULtM48iiQ3SEishGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj/loxkh3DtAfGJ8/meaSSw==</latexit>

p(3)2 (t) = I(t)

<latexit sha1_base64="FQaffw504ny/JSmhGFdtaGlIX8M=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWIUUoiUp1IxTduKyXXqCNYTKdtEMnkzAzEUoo+CpuXCji1udw59s4bbPQ1h8GPv5zDufM78eMSmXb30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItHwkCaOc1BVVjLRiQVDoM9L0B1fjevORCEkjfq+GMXFD1OM0oBgpbXnmXuw5D6l1UhpZqnRh3R3dljR4ZtEu2xPBeXAyKIJMNc/86nQjnISEK8yQlG3HjpWbIqEoZmRU6CSSxAgPUI+0NXIUEummk/NH8FA7XRhEQj+u4MT9PZGiUMph6OvOEKm+nK2Nzf9q7UQF525KeZwowvF0UZAwqCI4zgJ2qSBYsaEGhAXVt0LcRwJhpRMr6BCc2S/PQ+O47FTKlZvTYvUyiyMP9sEBsIADzkAVXIMaqAMMUvAMXsGb8WS8GO/Gx7Q1Z2Qzu+CPjM8fiKOTSg==</latexit>

p(3)1 (t) = (S +R)(t)
<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x

Probability distributions with only one degree of freedom 



<latexit sha1_base64="8Y6kn99WSAMCOl6af9xYeHQdsmo=">AAAB73icbVBNSwMxEJ34WetX1aOXYBHqpewWqV6EohePFewHtGvJptk2NJtdk6xQlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOooUZQ1aCQi1faJZoJL1jDcCNaOFSOhL1jLH91M/dYTU5pH8t6MY+aFZCB5wCkxVmrHD2mpcja56hWKTtmZAS8TNyNFyFDvFb66/YgmIZOGCqJ1x3Vi46VEGU4Fm+S7iWYxoSMyYB1LJQmZ9tLZvRN8apU+DiJlSxo8U39PpCTUehz6tjMkZqgXvan4n9dJTHDppVzGiWGSzhcFicAmwtPncZ8rRo0YW0Ko4vZWTIdEEWpsRHkbgrv48jJpVsputVy9Oy/WrrM4cnAMJ1ACFy6gBrdQhwZQEPAMr/CGHtELekcf89YVlM0cwR+gzx8TZI9b</latexit>

p(2) =
<latexit sha1_base64="ZPGVfzG9+04AfFTStYIfGknWwho=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaNQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcVr1qpNq5KtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHCLjLc=</latexit>

(
<latexit sha1_base64="OP49KSjxTNbrcgix9ho4pHxCxrw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3IPjLg=</latexit>

)
<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="UfJmbmrxscOu9Pz5aQfoaQcAN2s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3abjLs=</latexit>,

<latexit sha1_base64="DQJUSXpRWlhy74UC/jJMClVPzSI=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9lVqV6EohePFewHtGvJptk2NMmuSVYoS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDG8mfvOJKs0ieW9GMfUF7ksWMoKNlVrxQ1o6OxlfdQtFt+xOgRaJl5EiZKh1C1+dXkQSQaUhHGvd9tzY+ClWhhFOx/lOommMyRD3adtSiQXVfjq9d4yOrdJDYaRsSYOm6u+JFAutRyKwnQKbgZ73JuJ/Xjsx4aWfMhknhkoyWxQmHJkITZ5HPaYoMXxkCSaK2VsRGWCFibER5W0I3vzLi6RxWvYq5crdebF6ncWRg0M4ghJ4cAFVuIUa1IEAh2d4hTfn0Xlx3p2PWeuSk80cwB84nz8U649c</latexit>

p(3) =
<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="ZPGVfzG9+04AfFTStYIfGknWwho=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaNQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcVr1qpNq5KtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHCLjLc=</latexit>

(
<latexit sha1_base64="OP49KSjxTNbrcgix9ho4pHxCxrw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7ArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3IPjLg=</latexit>

)<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="UfJmbmrxscOu9Pz5aQfoaQcAN2s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3abjLs=</latexit>,

<latexit sha1_base64="rMN4GXb7Xp7ft/hAwBEpCwDzLXg="></latexit>

g(3)tt (t) =
I(�S � �)2

R+ S

Fisher information metric:

Single degree of freedom:
<latexit sha1_base64="t+gw26/IWtmLMNITedh3C3vuz5A="></latexit>

h
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="WZc8V2NK7bw1y1YEwk2Btc9dxeE=">AAAB9XicbZDLSgMxFIbPeK31VnXpJliEFqHMiFQ3QtGN7qrYC7RjyaSZNjSTGZKMWoa+hxsXirj1Xdz5NmbaLrT1h8DHf87hnPxexJnStv1tLSwuLa+sZtay6xubW9u5nd26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzBZVpvPFCpWCju9DCiboB7gvmMYG2s+6eCLp4Xro9uiyl0cnm7ZI+F5sGZQh6mqnZyX+1uSOKACk04Vqrl2JF2Eyw1I5yOsu1Y0QiTAe7RlkGBA6rcZHz1CB0ap4v8UJonNBq7vycSHCg1DDzTGWDdV7O11Pyv1oq1f+YmTESxpoJMFvkxRzpEaQSoyyQlmg8NYCKZuRWRPpaYaBNU1oTgzH55HurHJadcKt+c5CsX0zgysA8HUAAHTqECV1CFGhCQ8Ayv8GY9Wi/Wu/UxaV2wpjN78EfW5w+YC5Ck</latexit>

x(t) = (I +R)(t) =
<latexit sha1_base64="tw7/D9+2hhAKOlsw1jSTmH/nnF4=">AAAB9XicbZDLSgMxFIbPeK31VnXpJliEFqHMiFQ3QtGNy3rpBdqxZNJMG5rJDElGLUPfw40LRdz6Lu58GzNtF9r6Q+DjP+dwTn4v4kxp2/62FhaXlldWM2vZ9Y3Nre3czm5dhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gMq03HqhULBR3ehhRN8A9wXxGsDbW/VNBF88Lt0c3xRQ6ubxdssdC8+BMIQ9TVTu5r3Y3JHFAhSYcK9Vy7Ei7CZaaEU5H2XasaITJAPdoy6DAAVVuMr56hA6N00V+KM0TGo3d3xMJDpQaBp7pDLDuq9laav5Xa8XaP3MTJqJYU0Emi/yYIx2iNALUZZISzYcGMJHM3IpIH0tMtAkqa0JwZr88D/XjklMula9P8pWLaRwZ2IcDKIADp1CBK6hCDQhIeIZXeLMerRfr3fqYtC5Y05k9+CPr8weneZCu</latexit>

x(t) = (S +R)(t) =
<latexit sha1_base64="OJ0qphmxgHFjeTFE5A76h2flFic="></latexit>,<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="V8xtQWz7Il5BHrwOQWlqGqVAH08="></latexit>

x
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

Resolve dynamics:
<latexit sha1_base64="7tjil8MYlhVd/+woGX2nDWWSiT8="></latexit>

I = x+
�

�
log

✓
1� x

1� x0

◆
<latexit sha1_base64="d0jN389xmwXv/7EvL6jtVfSx3Gg="></latexit>

S = ��

�
W

⇣
�x0�

�
e�

x�
�

⌘
initial conditions

<latexit sha1_base64="7SkufDGoYsCVIK2R/aerTcGSQVQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyURqV4KRS8eK9gPbEPZbDft0s0m7E6kpfRfePGgiFf/jTf/jds2B219MPB4b4aZeX4suEbH+bYya+sbm1vZ7dzO7t7+Qf7wqKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH97O/OYTU5pH8gHHMfNC0pc84JSgkR5HXacyKmLFOe/mC07JmcNeJW5KCpCi1s1/dXoRTUImkQqiddt1YvQmRCGngk1znUSzmNAh6bO2oZKETHuT+cVT+8woPTuIlCmJ9lz9PTEhodbj0DedIcGBXvZm4n9eO8Hg2ptwGSfIJF0sChJhY2TP3rd7XDGKYmwIoYqbW206IIpQNCHlTAju8surpHFRcsul8v1loXqTxpGFEziFIrhwBVW4gxrUgYKEZ3iFN0tbL9a79bFozVjpzDH8gfX5AwA1j9c=</latexit>

x0 = x(t = 0)

two real branches (two solutions) 

<latexit sha1_base64="uN2UOjQgKrmQYXi3eGpEwHu/inU=">AAAB7nicbVBNS8NAEN34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzaHBYxnrdsAMSKGggQIltBMNLAoktILR7dRvPYI2IlYPOE7Aj9hAiVBwhlZqdZ8A2bXbK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZudO6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzr9nfaFBo5ybAnjWthbKR8yzTjahIo2BG/x5WXSPK941Ur1/qJcu8njKJBjckLOiEcuSY3ckTppEE5G5Jm8kjcncV6cd+dj3rri5DNH5A+czx/fio9I</latexit>

⇣ = 0

<latexit sha1_base64="up0Zuqnv5it8DzrttUDsQbWAKkQ=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBYhRSlJEfUiFL3oza9qoa1ls920i7tJ2J0IJeRPePGvePGgiFfBm//Gbc1BWx8MPN6bYWaeFwmuwXG+rNzU9MzsXH6+sLC4tLxSXF271mGsKKvTUISq4RHNBA9YHTgI1ogUI9IT7Ma7Ox76N/dMaR4GVzCIWFuSXsB9TgkYqVPc6XUSgPQ2savl1IbyYctXhCatHpGS3FbxqanLNLFPty/KaadYcirOCHiSuBkpoQxnneJnqxvSWLIAqCBaN10ngnZCFHAqWFpoxZpFhN6RHmsaGhDJdDsZfZXiLaN0sR8qUwHgkfp7IiFS64H0TKck0Nfj3lD8z2vG4B+0Ex5EMbCA/izyY4EhxMOIcJcrRkEMDCFUcXMrpn1iYgETZMGE4I6/PEmuqxV3r7J3vluqHWVx5NEG2kQ2ctE+qqETdIbqiKIH9IRe0Kv1aD1bb9b7T2vOymbW0R9YH9++zZ1J</latexit>

g(2)tt (t) =
�2I2S

(I +R)

Metric as a function of <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="vsBE8KMK3m70xt+GJxFm/yNDwf8="></latexit>

g(2)tt =
1� x

x

✓
x� + � log

✓
1� x

1� x0

◆◆2 <latexit sha1_base64="cZkP2HHMM/5qMXf5FvP3Z6tl+9U="></latexit>

g(3)tt (x) =
1� x

x
�2

⇣
1 +W

⇣
�x0�

�
e�

x�
�

⌘⌘2



<latexit sha1_base64="vsBE8KMK3m70xt+GJxFm/yNDwf8="></latexit>

g(2)tt =
1� x

x

✓
x� + � log

✓
1� x

1� x0

◆◆2 <latexit sha1_base64="cZkP2HHMM/5qMXf5FvP3Z6tl+9U="></latexit>

g(3)tt (x) =
1� x

x
�2

⇣
1 +W

⇣
�x0�

�
e�

x�
�

⌘⌘2

two real branches corresponding to 
<latexit sha1_base64="3Iy9W9y2hYaLWaNZ/JoYzBW6+F4=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lEqicpevFYwX5AG8pms2mXbjZhdyPWkF/ixYMiXv0p3vw3btsctPXBwOO9GWbm+QlnSjvOt7Wyura+sVnaKm/v7O5V7P2DtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88c3U7zxQqVgs7vUkoV6Eh4KFjGBtpIFd6YcSkyx4zLNA51fOwK46NWcGtEzcglShQHNgf/WDmKQRFZpwrFTPdRLtZVhqRjjNy/1U0QSTMR7SnqECR1R52ezwHJ0YJUBhLE0JjWbq74kMR0pNIt90RliP1KI3Ff/zeqkOL72MiSTVVJD5ojDlSMdomgIKmKRE84khmEhmbkVkhE0S2mRVNiG4iy8vk/ZZza3X6nfn1cZ1EUcJjuAYTsGFC2jALTShBQRSeIZXeLOerBfr3fqYt65Yxcwh/IH1+QMEdZNW</latexit>

dx

dt
> 0

<latexit sha1_base64="fDH+3xEruCtp7oxsAiBwVDz0pzs=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lEqgcPRS8eK9gPaEPZbDbt0s0m7G7EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/hTGnH+bZWVtfWNzZLW+Xtnd29ir1/0FZxKgltkZjHsutjRTkTtKWZ5rSbSIojn9OOP76Z+p0HKhWLxb2eJNSL8FCwkBGsjTSwK/1QYpIFj3kW6PzKGdhVp+bMgJaJW5AqFGgO7K9+EJM0okITjpXquU6ivQxLzQinebmfKppgMsZD2jNU4IgqL5sdnqMTowQojKUpodFM/T2R4UipSeSbzgjrkVr0puJ/Xi/V4aWXMZGkmgoyXxSmHOkYTVNAAZOUaD4xBBPJzK2IjLBJQpusyiYEd/HlZdI+q7n1Wv3uvNq4LuIowREcwym4cAENuIUmtIBACs/wCm/Wk/VivVsf89YVq5g5hD+wPn8AAWuTVA==</latexit>

dx

dt
< 0and

dashed lines correspond to approximations
<latexit sha1_base64="wBS71dlurhkeHXIuNOCsziedmek=">AAACCnicbZC7SgNBFIZn4y3G26qlzWoQEjBhN0i0EYI2lhHMBXJZZiezyZDZCzNnJWFJbeOr2FgoYusT2Pk2ziYpNPGHgY//nMOZ8zshZxJM81tLrayurW+kNzNb2zu7e/r+QV0GkSC0RgIeiKaDJeXMpzVgwGkzFBR7DqcNZ3iT1BsPVEgW+PcwDmnHw32fuYxgUJatH/ftGGCSG+WvcPssNyqMbCvfdRK0S4VRvktsPWsWzamMZbDmkEVzVW39q90LSORRHwjHUrYsM4ROjAUwwukk044kDTEZ4j5tKfSxR2Unnp4yMU6V0zPcQKjngzF1f0/E2JNy7Dmq08MwkIu1xPyv1orAvezEzA8joD6ZLXIjbkBgJLkYPSYoAT5WgIlg6q8GGWCBCaj0MioEa/HkZaiXila5WL47z1au53Gk0RE6QTlkoQtUQbeoimqIoEf0jF7Rm/akvWjv2sesNaXNZw7RH2mfPxUimJs=</latexit>

gtt(x) = a (x� x1)
b (x2 � x)c

Generalisation to <latexit sha1_base64="8wxDZZezz95Rx+olt1YfPcRE7d8=">AAAB7nicbVBNS8NAEN34WetX1aOXxSJ4KolI9SRFLx4r2A9oQ9lsJ+3SzSbsToQa+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0O/Vbj6CNiNUDjhPwIzZQIhScoZVa3SdAdu32SmW34s5Al4mXkzLJUe+Vvrr9mKcRKOSSGdPx3AT9jGkUXMKk2E0NJIyP2AA6lioWgfGz2bkTemqVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE5/p32hgaMcW8K4FvZWyodMM442oaINwVt8eZk0zytetVK9vyjXbvI4CuSYnJAz4pFLUiN3pE4ahJMReSav5M1JnBfn3fmYt644+cwR+QPn8wfhD49J</latexit>

⇣ > 0



Common Features of all Examples

e.g. SIR(S) model with multiple pathogens)

• real zeroes of the metric correspond to extrema of 

For systems with single degree of freedom
<latexit sha1_base64="E5wnSL2O4AHxmkmShWkbIVK0yTY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDhVuN6g==</latexit>

x(t)
<latexit sha1_base64="E5wnSL2O4AHxmkmShWkbIVK0yTY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDhVuN6g==</latexit>

x(t)

•      described piecewise between two consecutive extrema of<latexit sha1_base64="Q0DrcZeS9XSQkkwVhgHxenQNRX0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il1rCfIU775Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AfaTj2c=</latexit>gtt
<latexit sha1_base64="E5wnSL2O4AHxmkmShWkbIVK0yTY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDhVuN6g==</latexit>

x(t)

<latexit sha1_base64="2MXOa18yD88JxseJ9CddzUkKmCA=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRFqosuim5cVrAPaEOYTG/aoZOHMxNpCQV/xY0LRdz6He78G6dpFtp64MKZc+5l7j1ezJlUlvVtrKyurW9sFraK2zu7e/vmwWFLRomg0KQRj0THIxI4C6GpmOLQiQWQwOPQ9kY3M7/9CEKyKLxXkxicgAxC5jNKlJZc89jqcXjAY9eujWtjt5K9bNcsWWUrA14mdk5KKEfDNb96/YgmAYSKciJl17Zi5aREKEY5TIu9REJM6IgMoKtpSAKQTpqtP8VnWuljPxK6QoUz9fdESgIpJ4GnOwOihnLRm4n/ed1E+VdOysI4URDS+Ud+wrGK8CwL3GcCqOITTQgVTO+K6ZAIQpVOrKhDsBdPXiatStmulqt3F6X6dR5HAZ2gU3SObHSJ6ugWNVATUZSiZ/SK3own48V4Nz7mrStGPnOE/sD4/AE/ApRm</latexit>

0  x1 < x < x2  1

<latexit sha1_base64="Al0Udf+yJSnZYasxBhE300wYDro=">AAACBHicbVC7SgNBFJ31GeMraplmMAhJkbAbJNoIQRvLCOYByWaZnUySIbMPZu7KhiWFjb9iY6GIrR9h5984eRSaeODC4Zx7ufceNxRcgWl+G2vrG5tb26md9O7e/sFh5ui4oYJIUlangQhkyyWKCe6zOnAQrBVKRjxXsKY7upn6zQcmFQ/8exiHzPbIwOd9TgloyclkB04CMLkiOB8XY8cqdN187JSLcaFLnUzOLJkz4FViLUgOLVBzMl+dXkAjj/lABVGqbZkh2AmRwKlgk3QnUiwkdEQGrK2pTzym7GT2xASfaaWH+4HU5QOeqb8nEuIpNfZc3ekRGKplbyr+57Uj6F/aCffDCJhP54v6kcAQ4GkiuMcloyDGmhAqub4V0yGRhILOLa1DsJZfXiWNcsmqlCp357nq9SKOFMqiU5RHFrpAVXSLaqiOKHpEz+gVvRlPxovxbnzMW9eMxcwJ+gPj8wdgYJam</latexit>

gtt = a(x� x1)
b(x2 � x)c

for

(imaginary zeroes possible in more complicated systems,

• branches of the metric can be  glued together along the zeroes

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2



Inverse Problem
Assume that the Fisher metric for a 1-dimensional system is

<latexit sha1_base64="saeIBDEhB3pC0dJoxDlicMb6E/A=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVowZakSHUjFN24rGAf0IYwmU7boZMHMzeSErpw46+4caGIWz/CnX/jtM1CWw9cOJxzL/fe44acSTDNby2ztr6xuZXdzu3s7u0f6IdHLRlEgtAmCXggOi6WlDOfNoEBp51QUOy5nLbd8c3Mbz9QIVng38MkpLaHhz4bMIJBSY6eHzoJwLQYl65w76wYl2PHKhVjp1qOS45eMCvmHMYqsVJSQCkajv7V6wck8qgPhGMpu5YZgp1gAYxwOs31IklDTMZ4SLuK+tij0k7mT0yNU6X0jUEgVPlgzNXfEwn2pJx4rur0MIzksjcT//O6EQwu7YT5YQTUJ4tFg4gbEBizRIw+E5QAnyiCiWDqVoOMsMAEVG45FYK1/PIqaVUrVq1Suzsv1K/TOLIoj05QEVnoAtXRLWqgJiLoET2jV/SmPWkv2rv2sWjNaOnMMfoD7fMH5juWVg==</latexit>

gtt(x) = a (x� x1)(x2 � x)
<latexit sha1_base64="LhIShCm5qPYz/aKNU5VvhCu9OjQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCURqS6LblxWsQ9oQphMp+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1zwoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRW8WpJLRFYh7LbogV5UzQlmaa024iKY5CTjvh+C73OxMqFYvFk54m1I/wULABI1gbKbBt7DHhRViPwjB7nAUXgV11as4caJW4BalCgWZgf3n9mKQRFZpwrFTPdRLtZ1hqRjidVbxU0QSTMR7SnqECR1T52Tz5DJ0ZpY8GsTRPaDRXf29kOFJqGoVmMs+olr1c/M/rpXpw42dMJKmmgiwODVKOdIzyGlCfSUo0nxqCiWQmKyIjLDHRpqyKKcFd/vIqaV/W3Hqt/nBVbdwWdZThBE7hHFy4hgbcQxNaQGACz/AKb1ZmvVjv1sditGQVO8fwB9bnD2olk4g=</latexit>

a 2 R+
<latexit sha1_base64="2dN6fDaZG8vhk7dk/lA6UQMwJ8s=">AAACBnicbVDLSgMxFL3js9bXqEsRgkVwVWaKVJdFNy4r2Ae0w5BJ0zY0kxmTjFiGrtz4K25cKOLWb3Dn35hOZ6GtB8I9OedeknuCmDOlHefbWlpeWV1bL2wUN7e2d3btvf2mihJJaINEPJLtACvKmaANzTSn7VhSHAactoLR1dRv3VOpWCRu9TimXogHgvUZwdpIvn3kdDm9Qw++O6v5rZJV17dLTtnJgBaJm5MS5Kj79le3F5EkpEITjpXquE6svRRLzQink2I3UTTGZIQHtGOowCFVXpqtMUEnRumhfiTNERpl6u+JFIdKjcPAdIZYD9W8NxX/8zqJ7l94KRNxoqkgs4f6CUc6QtNMUI9JSjQfG4KJZOaviAyxxESb5IomBHd+5UXSrJTdarl6c1aqXeZxFOAQjuEUXDiHGlxDHRpA4BGe4RXerCfrxXq3PmatS1Y+cwB/YH3+AEGKl7o=</latexit>

0  x1  x  x2  1
for

and solve the flow equation

For                           direct integration (initial condition:                 )<latexit sha1_base64="K9lKGHvipgrHjvFj+ouLkgn5ib4=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhCswl2QaJEiaGMZwXzA5Qh7m71kyd7usTsnhiM/w8ZCEVt/jZ3/xk1yhSY+GHi8N8PMvDAR3IDrfjtr6xubW9uFneLu3v7BYenouG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE49uZ33lk2nAlH2CSsCAmQ8kjTglYyXfrT33PVrXu9Utlt+LOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OIroOMyyQFJuliUZQKDArP/scDrhkFMbGEUM3trZiOiCYUbEpFG4K3/PIqaVcrXq1Su78sN27yOAroFJ2hC+ShK9RAd6iJWogihZ7RK3pzwHlx3p2PReuak8+coD9wPn8Ae2OQGQ==</latexit>

0 < x1 < x2 < 1

<latexit sha1_base64="kKv0htQnz/DC5qhPBw1TwIgIJuA="></latexit>

t� t0 =
2i (F (u(x),m)� F (u(x0),m))p

a(1� x1)x2

<latexit sha1_base64="XE6VjNBXgOYbZpaxiY2N00YuERQ="></latexit>

dx

dt
= 

p
gtt x (1� x)

sign
<latexit sha1_base64="XH154sS83fNYw5RMPK2MuF7GVM8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWcNtCu5Rsmm1Dk2xIskJZ+hu8eFDEqz/Im//GtN2DVh8MPN6bYWZerDgz1ve/vNLa+sbmVnm7srO7t39QPTxqmzTThIYk5anuxthQziQNLbOcdpWmWMScduLJ7dzvPFJtWCof7FTRSOCRZAkj2Dop7CuBgkG15tf9BdBfEhSkBgVag+pnf5iSTFBpCcfG9AJf2SjH2jLC6azSzwxVmEzwiPYclVhQE+WLY2fozClDlKTalbRoof6cyLEwZipi1ymwHZtVby7+5/Uym1xHOZMqs1SS5aIk48imaP45GjJNieVTRzDRzN2KyBhrTKzLp+JCCFZf/kvaF/WgUW/cX9aaN0UcZTiBUziHAK6gCXfQghAIMHiCF3j1pPfsvXnvy9aSV8wcwy94H98glo5B</latexit>±1

Definitions:
<latexit sha1_base64="vV6Zg+MWI36LKTO+uKYT+hPGHxw="></latexit>

F (�, k2) =

Z �

0

dzp
1� k2 sin2 z

incomplete elliptic integral of the first kind

with arguments
<latexit sha1_base64="x9BPcnWIt5woPA9kvBtjDY8UkK8=">AAACCHicbZDLSsNAFIYn9VbrLerShcEitAtLUqS6EYpuXFawF2hDmEwn7dCZSZiZSEvo0o2v4saFIm59BHe+jdM0C239YeDjP+dw5vx+RIlUtv1t5FZW19Y38puFre2d3T1z/6Alw1gg3EQhDUXHhxJTwnFTEUVxJxIYMp/itj+6mdXbD1hIEvJ7NYmwy+CAk4AgqLTlmcfsqhcIiJKx55Scs7FXLU81V1N2ylPPLNoVO5W1DE4GRZCp4ZlfvX6IYoa5QhRK2XXsSLkJFIogiqeFXixxBNEIDnBXI4cMSzdJD5lap9rpW0Eo9OPKSt3fEwlkUk6YrzsZVEO5WJuZ/9W6sQou3YTwKFaYo/miIKaWCq1ZKlafCIwUnWiASBD9VwsNoc5F6ewKOgRn8eRlaFUrTq1Suzsv1q+zOPLgCJyAEnDABaiDW9AATYDAI3gGr+DNeDJejHfjY96aM7KZQ/BHxucP5qCX/g==</latexit>

m =
x1(1� x2)

x2(1� x1)
<latexit sha1_base64="I9+1wZZMzwPP3vI0VLTbgjrSq44="></latexit>

u(x) = arcsin

 s
x(1� x1)

x1(1� x)

!

and
<latexit sha1_base64="IyFx2vmp9T1a9zLwdow1qhi3AP0="></latexit>

x(t) =
x1 sn

⇣
i(t�t0)

2

p
a(1� x1)x2 � F (u(x0),m),m

⌘2

1� x1 + x1sn
⇣

i(t�t0)
2

p
a(1� x1)x2 � F (u(x0),m),m

⌘2

inverted for 
<latexit sha1_base64="E5wnSL2O4AHxmkmShWkbIVK0yTY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDhVuN6g==</latexit>

x(t)

<latexit sha1_base64="UK3kFlP48KC2XEcMZ5PIPYuiITE=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBHqpSQi1YtQ9OKxgv3ANoTNdtMu3WzC7kRaSv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa3Scb2tldW19YzO3ld/e2d3bLxwcNnScKsrqNBaxagVEM8ElqyNHwVqJYiQKBGsGg9up33xiSvNYPuAoYV5EepKHnBI00uOwhL5zdj30Hb9QdMrODPYycTNShAw1v/DV6cY0jZhEKojWbd dJ0BsThZwKNsl3Us0SQgekx9qGShIx7Y1nF0/sU6N07TBWpiTaM/X3xJhEWo+iwHRGBPt60ZuK/3ntFMMrb8xlkiKTdL4oTIWNsT193+5yxSiKkSGEKm5utWmfKELRhJQ3IbiLLy+TxnnZrZQr9xfF6k0WRw6O4QRK4MIlVOEOalAHChKe4RXeLG29WO/Wx7x1xcpmjuAPrM8fM0mP+Q==</latexit>

x(t0) = x0

Definition:
Jacobi elliptic function

with argument

<latexit sha1_base64="1gV7qhoGHUmV5GfWPZDUF8hg9ho="></latexit>

sn(u, k2) =
✓3(0, ⌧)

✓2(0, ⌧)

✓1(u/✓23(0, ⌧), ⌧)

✓4(u/✓23(0, ⌧), ⌧)

<latexit sha1_base64="Q8MF6vlNeaJUllIWcJdWK3VL1ew=">AAACGHicbZDLSsNAFIYn9VbrLerSTbAIFaQmVaoboejGZQV7gSaGyXTSDp1cmDkRSuhjuPFV3LhQxG13vo3TNkKt/jDw851zOHN+L+ZMgml+abml5ZXVtfx6YWNza3tH391ryigRhDZIxCPR9rCknIW0AQw4bceC4sDjtOUNbib11iMVkkXhPQxj6gS4FzKfEQwKufrp4Mr2BSapDX0K2K08VErmiQ04OR79sLM55upFs2xOZfw1VmaKKFPd1cd2NyJJQEMgHEvZscwYnBQLYITTUcFOJI0xGeAe7Sgb4oBKJ50eNjKOFOkafiTUC8GY0vmJFAdSDgNPdQYY+nKxNoH/1ToJ+JdOysI4ARqS2SI/4QZExiQlo8sEJcCHymAimPqrQfpY5QQqy4IKwVo8+a9pVspWtVy9Oy/WrrM48ugAHaISstAFqqFbVEcNRNATekFv6F171l61D+1z1prTspl99Eva+BuqTJ7p</latexit>

k =
✓22(0, ⌧)

✓23(0, ⌧)



<latexit sha1_base64="IyFx2vmp9T1a9zLwdow1qhi3AP0="></latexit>

x(t) =
x1 sn

⇣
i(t�t0)

2

p
a(1� x1)x2 � F (u(x0),m),m

⌘2

1� x1 + x1sn
⇣

i(t�t0)
2

p
a(1� x1)x2 � F (u(x0),m),m

⌘2
use the solution to describe
piecewise time evolution: 

(i) monotonic time evolution:

<latexit sha1_base64="thzYJ45i/hBffX+fRZtVFgrRdDo="></latexit>

t� t0 =
p
a
log

✓
x(1� x0)

x0(1� x)

◆
takes                for             or   <latexit sha1_base64="F6Zc0jT9evYO0k0hrHTMgWDpMqw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsK9gEzQ8mkmTY0kwzJHWEY+hluXCji1q9x59+YtrPQ6oHA4Zx7yT0nSgU34LpfTmVtfWNzq7pd29nd2z+oHx71jMo0ZV2qhNKDiBgmuGRd4CDYINWMJJFg/Wh6O/f7j0wbruQD5CkLEzKWPOaUgJV8CEDhgMsY8mG94TbdBfBf4pWkgUp0hvXPYKRoljAJVBBjfM9NISyIBk4Fm9WCzLCU0CkZM99SSRJmwmJx8gyfWWWEY6Xtk4AX6s+NgiTG5ElkJxMCE7PqzcX/PD+D+DosuEwzYJIuP4ozgW3OeX484ppRELklhGpub8V0QjShYFuq2RK81ch/Se+i6bWarfvLRvumrKOKTtApOkceukJtdIc6qIsoUugJvaBXB5xn5815X45WnHLnGP2C8/ENUbCRTA==</latexit>

t ! 1
<latexit sha1_base64="ekHM9peoc4lghKVwSOifsBKs9sU=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+4B2KJk008bmMSQZsQz9BzcuFHHr/7jzb0zbWWjrgcDhnHvJPSdKODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaObqd96pNowJe/tOKGhwAPJYkawdVLzqWsV8nulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNrp2gU6f0Uay0e9Kimfp7I8PCmLGI3KTAdmgWvan4n9dJbXwVZkwmqaWSzD+KU45cxGl01GeaEsvHjmCimbsVkSHWmFhXUNGVECxGXibN80pQrVTvLsq167yOAhzDCZxBAJdQg1uoQwMIPMAzvMKbp7wX7937mI+uePnOEfyB9/kDBW2OyA==</latexit>

x ! 0
<latexit sha1_base64="tCwH4V4LYXTYKV03M2SzTysYmbk=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+4B2KJk008bmMSQZsQz9BzcuFHHr/7jzb0zbWWjrgcDhnHvJPSdKODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaObqd96pNowJe/tOKGhwAPJYkawdVLzqWsVCnqlsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNrp2gU6f0Uay0e9Kimfp7I8PCmLGI3KTAdmgWvan4n9dJbXwVZkwmqaWSzD+KU45cxGl01GeaEsvHjmCimbsVkSHWmFhXUNGVECxGXibN80pQrVTvLsq167yOAhzDCZxBAJdQg1uoQwMIPMAzvMKbp7wX7937mI+uePnOEfyB9/kDBvGOyQ==</latexit>

x ! 1

<latexit sha1_base64="bseBtjJ7h8FYa114WU7EhYVHNDM="></latexit>

x(t) =
x0 e

p
a(t�t0)

1� x0 + x0 e
p
a(t�t0)

logistic function

take             and   
<latexit sha1_base64="eIESH/lpMxKsMtFLV4QMxJr0ZHY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYNpCG8pmO2mXbjZhdyOW0N/gxYMiXv1B3vw3bj8O2vpg4PHeDDPzwlRwbVz321lZXVvf2CxsFbd3dvf2SweHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD24nffESleSIfzCjFIKZ9ySPOqLGS/9T1rt1uqexW3CnIMvHmpAxz1Lulr04vYVmM0jBBtW57bmqCnCrDmcBxsZNpTCkb0j62LZU0Rh3k02PH5NQqPRIlypY0ZKr+nshprPUoDm1nTM1AL3oT8T+vnZnoKsi5TDODks0WRZkgJiGTz0mPK2RGjCyhTHF7K2EDqigzNp+iDcFbfHmZNM4rXrVSvb8o127mcRTgGE7gDDy4hBrcQR18YMDhGV7hzZHOi/PufMxaV5z5zBH8gfP5AwCkjiw=</latexit>

x1 = 0
<latexit sha1_base64="n1jf0nseyCkFVmxUthcHBFppJGs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUr0IRS8eK7htoV1KNs22odlkSbJiWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H49uZ336kSjMpHswkoUGMh4JFjGBjJf+pX7v2+uWKW3XnQKvEy0kFcjT75a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTY/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmn2OBkxRYvjEEkwUs7ciMsIKE2PzKdkQvOWXV0mrVvXq1fr9RaVxk8dRhBM4hXPw4BIacAdN8IEAg2d4hTdHOC/Ou/OxaC04+cwx/IHz+QMDro4u</latexit>

x2 = 1



(ii) periodic time evolution
<latexit sha1_base64="obRHf3JEQhWAcLYfU7QnUoDiaaQ="></latexit>

gtt =

(
a1 (x� x1)(x2 � x) for dx

dt > 0 ,

a2 (x� x1)(x2 � x) for dx
dt < 0

<latexit sha1_base64="yW48IAa61n+6AUOd8HMlI2rQFCQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglKSItVl0Y3LKvYBTQg300k7dDIJMxOhxC78FTcuFHHrb7jzb5y0XWjrgYHDOfdyz5wgYVQq2/42CkvLK6trxfXSxubW9o65u9eScSowaeKYxaITgCSMctJUVDHSSQSBKGCkHQyvc7/9QISkMb9Xo4R4EfQ5DSkGpSXfPADfOQO/6lLuRqAGQZDdjf1T3yzbFXsCa5E4M1JGMzR888vtxTiNCFeYgZRdx06Ul4FQFDMyLrmpJAngIfRJV1MOEZFeNsk/to610rPCWOjHlTVRf29kEEk5igI9mWeU814u/ud1UxVeehnlSaoIx9NDYcosFVt5GVaPCoIVG2kCWFCd1cIDEICVrqykS3Dmv7xIWtWKU6vUbs/L9atZHUV0iI7QCXLQBaqjG9RATYTRI3pGr+jNeDJejHfjYzpaMGY7++gPjM8f9KqVcg==</latexit>

a1, a2 2 R+

<latexit sha1_base64="nWuhpDqfhNRd7VfOl+jmfJ2cQ00=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFVSocLQoYKFsUj0IbVR5Li3rVXHCbaDWkVd+BUWBhBi5TPY+BvcNgO0HOleHZ1zr+x7gpgzpR3n21pZXVvf2Mxt5bd3dvf27YPDhooSSaFOIx7JVkAUcCagrpnm0IolkDDg0AyGN1O/+QhSsUjc63EMXkj6gvUYJdpIvn3sVPDIdzscHvBo3v1SBbu+XXCKzgx4mbgZKaAMNd/+6nQjmoQgNOVEqbbrxNpLidSMcpjkO4mCmNAh6UPbUEFCUF46O2CCz4zSxb1ImhIaz9TfGykJlRqHgZkMiR6oRW8q/ue1E9278lIm4kSDoPOHegnHOsLTNHCXSaCajw0hVDLzV0wHRBKqTWZ5E4K7ePIyaZSKbrlYvrsoVK+zOHLoBJ2ic+SiS1RFt6iG6oiiCXpGr+jNerJerHfrYz66YmU7R+gPrM8f9A+Uug==</latexit>

0 < x1  x  x2 < 1
with

periodic solution for

<latexit sha1_base64="Q/FTUTFOZeYD5athBtkiLdZ68ag="></latexit>

T =
2(
p
a1 +

p
a2)K

⇣
x2�x1

(1�x1)x2

⌘

p
a1a2(1� x1)x2

<latexit sha1_base64="KIcu6cqzpyD2yLlRALr+SNa3dSw="></latexit>

K(m) =
⇡

2

1X

n=0

✓
(2n� 1)!!

(2n)!!

◆2

mn

Definition:
complete elliptic integral of first kind

periodicity:

<latexit sha1_base64="E5wnSL2O4AHxmkmShWkbIVK0yTY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3Rz gvzrvzsWgtOPnMMfyB8/kDhVuN6g==</latexit>

x(t)



(iii) oscillating time evolution
<latexit sha1_base64="+e4lUhcp5SI6eGnOo1HYTS4/ufU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQXZREpLosunElFewDmhgm02k7dDIJMxOxhKzc+CtuXCji1m9w5984abPQ1gMXDufcy733+BGjUlnWt1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHR9JwignTUUVI51IEBT4jLT90WXmt++JkDTkt2ocETdAA077FCOlJc/cd5IHz67wIyf1Eu5Q7gRIDX0/uU7vjlPPLFtVawI4T+yclEGOhmd+Ob0QxwHhCjMkZde2IuUmSCiKGUlLTixJhPAIDUhXU44CIt1k8kYKD7XSg/1Q6OIKTtTfEwkKpBwHvu7MjpSzXib+53Vj1T93E8qjWBGOp4v6MYMqhFkmsEcFwYqNNUFYUH0rxEMkEFY6uZIOwZ59eZ60Tqp2rVq7OS3XL/I4imAPHIAKsMEZqIMr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8AfG5w8ImJjf</latexit>

{x1(n)}n2N⇤
<latexit sha1_base64="4NJMusu9ZjgcGWXiiShvHSwLd5U=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQXZSkSHVZdONKKtgHNDFMptN26GQSZiZiCVm58VfcuFDErd/gzr9x0mah1QMXDufcy733+BGjUlnWl1FYWFxaXimultbWNza3zO2dtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT88UXmd+6IkDTkN2oSETdAQ04HFCOlJc/cd5J7r1bhR07qJdyh3AmQGvl+cpXeHqeeWbaq1hTwL7FzUgY5mp756fRDHAeEK8yQlD3bipSbIKEoZiQtObEkEcJjNCQ9TTkKiHST6RspPNRKHw5CoYsrOFV/TiQokHIS+LozO1LOe5n4n9eL1eDMTSiPYkU4ni0axAyqEGaZwD4VBCs20QRhQfWtEI+QQFjp5Eo6BHv+5b+kXava9Wr9+qTcOM/jKII9cAAqwAanoAEuQRO0AAYP4Am8gFfj0Xg23oz3WWvByGd2wS8YH98KNJjg</latexit>

{x2(n)}n2N⇤and                    convergent series with 
<latexit sha1_base64="bXC6fxBwJ4xBbMi2FyYE4jzX88w=">AAACEHicbVC7TsMwFHXKq5RXgJHFokK0QqqSChWGDhUsjEWiD6mNIsd1WquOE2wHtYr6CSz8CgsDCLEysvE3uGkHaDmS5eNz7tX1PV7EqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3g99VsPREga8js1jogToD6nPsVIack1T63qyLULvDi7zuxil5F7OHLL6aOakmLVds28VbJSwGViz0kezFF3za9uL8RxQLjCDEnZsa1IOQkSimJGJrluLEmE8BD1SUdTjgIinSRdaAJPtNKDfij04Qqm6u+OBAVSjgNPVwZIDeSiNxX/8zqx8i+dhPIoVoTj2SA/ZlCFcJoO7FFBsGJjTRAWVP8V4gESCCudYU6HYC+uvEya5ZJdKVVuz/O1q3kcWXAEjkEB2OAC1MANqIMGwOARPINX8GY8GS/Gu/ExK80Y855D8AfG5w+F2Zkh</latexit>

0 < x1(n) < x1(n+ 1)  x2(n+ 1) < x2(n) < 1 then
<latexit sha1_base64="bL7mJaWg7Awk/cWm4sLX1ni1n7g="></latexit>

gtt(n) =

(
a1 (x� x1(n))(x2(n)� x) for dx

dt > 0 ,

a2 (x� x1(n))(x2(n)� x) for dx
dt < 0

<latexit sha1_base64="yW48IAa61n+6AUOd8HMlI2rQFCQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglKSItVl0Y3LKvYBTQg300k7dDIJMxOhxC78FTcuFHHrb7jzb5y0XWjrgYHDOfdyz5wgYVQq2/42CkvLK6trxfXSxubW9o65u9eScSowaeKYxaITgCSMctJUVDHSSQSBKGCkHQyvc7/9QISkMb9Xo4R4EfQ5DSkGpSXfPADfOQO/6lLuRqAGQZDdjf1T3yzbFXsCa5E4M1JGMzR888vtxTiNCFeYgZRdx06Ul4FQFDMyLrmpJAngIfRJV1MOEZFeNsk/to610rPCWOjHlTVRf29kEEk5igI9mWeU814u/ud1UxVeehnlSaoIx9NDYcosFVt5GVaPCoIVG2kCWFCd1cIDEICVrqykS3Dmv7xIWtWKU6vUbs/L9atZHUV0iI7QCXLQBaqjG9RATYTRI3pGr+jNeDJejHfjYzpaMGY7++gPjM8f9KqVcg==</latexit>

a1, a2 2 R+

<latexit sha1_base64="nWuhpDqfhNRd7VfOl+jmfJ2cQ00=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFVSocLQoYKFsUj0IbVR5Li3rVXHCbaDWkVd+BUWBhBi5TPY+BvcNgO0HOleHZ1zr+x7gpgzpR3n21pZXVvf2Mxt5bd3dvf27YPDhooSSaFOIx7JVkAUcCagrpnm0IolkDDg0AyGN1O/+QhSsUjc63EMXkj6gvUYJdpIvn3sVPDIdzscHvBo3v1SBbu+XXCKzgx4mbgZKaAMNd/+6nQjmoQgNOVEqbbrxNpLidSMcpjkO4mCmNAh6UPbUEFCUF46O2CCz4zSxb1ImhIaz9TfGykJlRqHgZkMiR6oRW8q/ue1E9278lIm4kSDoPOHegnHOsLTNHCXSaCajw0hVDLzV0wHRBKqTWZ5E4K7ePIyaZSKbrlYvrsoVK+zOHLoBJ2ic+SiS1RFt6iG6oiiCXpGr+jNerJerHfrYz66YmU7R+gPrM8f9A+Uug==</latexit>

0 < x1  x  x2 < 1
with

oscillating solution of the form



Conclusions
• simple models in epidemiology/population dynamics in terms of 

probability distributions

• in certain scenarios dynamics re-formulated in terms of the 
Fisher information metric

• universal features across different models (Lotka-Volterra, 
compartmental models)

• re-organisation around zeroes of the metric

Outlook
• more general models with more degrees of freedom

• include further elements of information theory/geometry


