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PhD students and postdocs in mathematics

W algebras —in algebra, geometry and physics

The physicist Alexander Zamolodchikov first discovered W algebras in the 1980’s when
investigating symmetries in two-dimensional conformal field theory. Having understood
them more the past 40 years, we now know they have deep connections with quantisation
(the algebraic geometry of nilpotent orbits), automorphic forms, Langlands duality,
probability, N=2 SCFTs, and the geometry of surfaces (instantons). The subject is
experiencing a period of renewed activity.

3 hours per week / 10 weeks / 5 ECTS

The primary aim of this seminar is for students to learn the basics of W algebras. We will
follow multiple texts. The course should be a good way to get comfortable with geometric
representation theory and vertex algebras, but staying concrete, since we are following a
single thread.

The W algebras best understood in mathematics are the ones W(g,e) attached to a finite
dimensional Lie algebra g and nilpotent element e, its associated graded is functions on the
transverse slice. We will begin by talking about the representation theory of W(g,e) and
relations to the geometry (of Grassmannians, nilpotent cones, ... ). Next we give a
mathematical definition of the structures Zamolodchikov was studying: it is a vertex algebra
analogue of W(g,e). This opens the road to a huge amount of current mathematics, see the
sketch below.

Course schedule sketch

1. Basics: Basics on D modules and Lie algebras
2. Background: Whittaker functions, automorphic forms and sheaves
3. Finite W algebras: Finite W algebras; One dimensional representations and

nilpotent orbits; The centre of W and Kostant’s theorem;
Slodowy slices, Beilinson Drinfeld localisation and
microlocalisation [DK, AKM]; Shifted Yangians and the affine
Grassmannian [BK]

4. Affine W algebras: (Poisson) Vertex algebras and conformal field theory; Affine W
algebras [FB], and their definition via chiral hamiltonian
reduction [AKM]; Centre and opers, Suguwara construction
[FB]; Feigin Frenkel duality [R,FB]; Slodowy slices, Beilinson
Drinfeld localisation and microlocalisation [AKM]

5. Exotic W algebras: Other W algebras: W(al,a2,... ), quasi primary fields, triplet
algebras; Representation theory, minimal models
6. Physics: Higgs branch [A3,AEM]; Instantons and surfaces; Relation to

probability and the Gaussian Free Field [CBV]

You do not need to know vertex algebras, but should be comfortable with algebra, and
algebraic or complex geometry.

Evaluation method:
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The evaluation will be based on homework assignments on the topics covered in the course.
The lecturer and an internal censor will evaluate the assignments. The evaluation will be

pass/fail.
Teaching method: In person and online lectures
Responsible lecture(s) Alexei Latyntsev
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